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Abstract

The advancements in technology, during the last decade, made the electronic
systems get faster and denser. Therefore, interconnects may have a dramatic
impact on signal integrity, so that their non-ideal behavior must be taken
into account at various levels.

Signal integrity analysis results a major limitation for high-speed VLSI de-
sign. Accounting for all the possible effects in analytical models is not always
possible so numerical simulations are employed for this task. These simula-
tions are typically performed by circuit solvers or CAD tools such as electro-
magnetic simulators. Macromodeling theory and applications provides the
interconnection models that need to be cast in a form which is compatible
with these simulators.

Nowadays, the standard macromodeling tool is the Vector Fitting (VF) algo-
rithm since it is able to provide accurate, compact and stable rational models
for many different classes of structures. However, when the electrical size of
interconnects increases, the VF algorithm is no longer able to ensure both
compactness and accuracy of the models. This circumstance is due to the
presence of complex exponential terms in the transfer function formulation,
which depend on the delay introduced by system. These limits are over-
come by a modification of the VF algorithm, called Delayed Vector Fitting,
which is based on a previous estimation of the linear combinations of integer
multiples of the time delays. The DVF can be considered as the standard
macromodeling tool for this particular class of structures.

Since CAD tools are used in the design process of complex engineering sys-
tems, multiple simulations, for different design parameters, are usually re-
quired in order to perform design space exploration, sensitivity analysis or
design optimization. These simulations may be very expensive from a com-
putational point of view, strongly limiting any practical application of this
approach. On the contrary parametric (or multivariate) macromodels allows
to approximate with sufficient accuracy, the complex behavior of electro-
magnetic systems, characterized by the frequency and several geometrical
and material parameters, with a greatly reduced computational effort.
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The main objective of this Master’s thesis is to define a brand-new, robust,
parametric macromodeling technique for long interconnects, with a focus to-
wards interpolation of the rational terms of the transfer functions. Single
elements of the transfer matrix of the general class of LTI systems will be
object of modeling, with a specific concern about causality and stability of
the multivariate macromodels.

This work is organized as follows: Chapter 1 gives an introduction about
general macromodeling of LTI systems and their basic properties, formulated
both in time and in frequency domain. In Chapter 2 a review of transmission
line theory is provided in order to derive the representation based on multiple
reflections. In Chapter 3 the rational curve fitting problem is reviewed from
the historical background until the Vector Fitting algorithm. Subsequently,
the Delayed Vector Fitting and a new delay estimation algorithm are pre-
sented with the aid of numerical examples. Chapter 4 is tailored towards
the parametric macromodeling of long interconnects, and in particular with
the parameterization of the non-exponential terms of the transfer function.
Finally, conclusion remarks about the Master’s thesis work are pointed out,
with some discussion about possible improvements and future prospects.
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Sommario

Nell’ultimo decennio il progresso tecnologico ha fatto si che i dispositivi elet-
tronici fossero sempre piu veloci e compatti. Per questo motivo le intercon-
nessioni hanno assunto un ruolo predominante nell’immunita al rumore dei
circuiti, rendendo necessaria 'inclusione di una moltitudine di fenomeni di
non idealita a diversi livelli.

L’immunita al rumore rappresenta un forte limite nel design di sistemi VL-
SI ad alta velocita. Siccome non e sempre possibile tenere in conto tutti i
possibili effetti nei modelli analitici dei dispositivi, € necessario ricorrere a
simulazioni numeriche. Queste ultime sono tipicamente eseguite da simula-
tori circuitali oppure CAD (Computer Aided Design), ad esempio simulatori
elettromagnetici. La teoria e le applicazioni del Macromodelinig forniscono
i modelli per le interconnessioni, i quali devono poi essere rielaborati in una
forma che sia compatibile con questa classe di simulatori.

Attualmente il tool che ha assunto il ruolo di standard internazionale & il
Vector Fitting, che ¢ in grado di fornire modelli accurati, compatti e stabili
per diverse classi di strutture. Nonostante cio, quando la lunghezza elet-
trica delle interconnessioni in gioco aumenta, il VF si rivela inadeguato nel
fornire modelli che siano, allo stesso tempo, compatti e accurati. Questa
circostanza e dovuta alla comparsa di esponenziali complessi nella funzione
di trasferimento, i quali dipendono dal ritardo intrinseco introdotto dal si-
stema. Questa limitazione viene superata attraverso una modifica del VF,
chiamata Delayed Vector Fitting, che ¢ basata pero su una stima preliminare
di alcune combinazioni lineari di multipli interi dei ritardi intrinseci. Il DVF
puo essere assunto come algoritmo standard per il macromodeling di queste
particolari strutture.

I CAD sono usati nel processo di design di sistemi ingegneristici complessi,
ragion per cui spesso sono necessarie simulazioni multiple per eseguire diversi
task, come ad esempio design space exploration, analisi di sensibilita e otti-
mizzazione. Queste simulazioni possono essere molto onerose da un punto di
vista computazionale, limitando fortemente ’applicazione di tale approccio.
Al contrario, i macromodelli parametrici (o multivariabili) consentono di ap-
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prossimare, con sufficiente precisione, il comportamento complesso di sistemi
elettromagnetici, al variare della frequenza e di parametri geometrici e dei
materiali, con un effort computazionale fortemente ridotto.

L’obiettivo principale di questa tesi e la definizione di una nuova e robusta
tecnica di macromodeling parametrico che sia specifica per interconnessio-
ni molto lunghe, studiando nel dettaglio il problema dell’interpolazione dei
termini razionali della funzione di trasferimento. Oggetti della procedura di
modeling saranno i singoli elementi della matrice di trasferimento di sistemi
LTI, ponendo una particolare attenzione alla causalita e alla stabilita dei
modelli parametrici.

Il lavoro € organizzato come segue: il Capitolo 1 introduce la teoria del ma-
cromodeling di sistemi LTT e le loro proprieta pitu importanti, formulate sia
nel dominio del tempo che in quello della frequenza. Nel Capitolo 2 vengo-
no forniti richiami sulla teoria delle linee di trasmissione in modo da poter
ricavare la rappresentazione basata sulle multiple riflessioni. Nel Capitolo 3
il problema del rational curve fitting viene affrontato, dalle sue origini stori-
che fino alla descrizione del VF. Successivamente il Delayed Vector Fitting e
I’algoritmo per la stima dei ritardi vengono presentati, con 'aiuto di alcuni
esempi numerici. Il Capitolo 4 ¢ rivolto al macromodeling parametrico delle
linee di interconnessione lunghe e in particolare alla parametrizzazione delle
parti non esponenziali della funzione di trasferimento. Infine, sono eviden-
ziate precisazioni riguardo il lavoro svolto, insieme a possibili miglioramenti
e futuri sviluppi.
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Chapter 1

Macromodeling of LTI Systems

1.1 Introduction to Macromodeling

With the term macromodel we mean a reduced-complexity and inherently ap-
proximated behavioral model of a device or several devices. More specifically
a macromodel represents a given device with a closed-form representation of
its transfer function, or with an equivalent state-space model.

Many engineering problems are too complex to be modeled in full detail be-
cause the processing time and the memory requirements are too challenging
or even prohibitive for any computer. A typical approach in many applica-
tions is based on dividing the system into many subblocks and replacing each
of them with a macromodel with a predetermined level of accuracy. In the
extraction procedure of the macromodel it is necessary to neglect all those
aspects that can be considered unimportant for the behavior of the whole
system in order to reduce the computational effort.

Two main approaches are usually followed in macromodeling building: white
(or grey) box and black-boz. In the former the macromodel aims to repro-

duce the physical topology of the real system, e.g. a transmission line can be
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approximated by a network composed by resistances, capacitance and induc-
tors. Conversly, in a black-boz approach we define the input-output terminals
and build a model which reproduces the input-output characteristics of the
detailed system without the knowledge of its internal structure. The latter
method is often preferred over the first because the internal structure of a
device can be only partially known causing the failure of the macromodel
extraction. As a metter of fact, when a device is acquired by a company it is
often only known through time-domain or frequency-domain measurements
of its input-output characteristics. Black boxr macromodeling also permits
to hide proprietary information so that the model can be shared without
disclosing any classified information about the internal structure of a device
because only external behavior is modeled. It is customary to synthesize the
macromodels in an equivalent circuit netlist, nevertheless also its topology
is uncorrelated to the internal structure because it derives from a mathe-
matical conversion process starting from the parameters of the macromodel
representation (e.g., state-space or rational).

There are other reasons why macromodeling proves very useful in some ap-
plications. Macromodels can be used for interpolation, possibly derived from
a small set of frequency samples, in order to build the closed-form repre-
sentation previously cited. When this model is available it makes easier the
characterization of a complex structure. For example, the evaluation by a
field solver of a response on a particular frequency can be very demanding
from a computational point of view. Contrariwise with a macromodel we
can accomplish this goal just evaluating the closed-form expression. When
macromodels are based on rational approximations they allow also fast time-
domain simulations. In this case, in fact, the conversion between time and

frequency domain is straightforward because of the analytic inversion prop-
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erties of Laplace transform.
Finally macromodels makes the simulation of large circuits, networks and sys-
tems faster. We can identify more subsystems and model their input-output
behaviors obtaining a much less complex macromodel. This proves very use-
full in system-level simulations which are becoming increasingly important
in analog/mixed-signal validation. In fact, it has been witnessed that many
bugs in mixed-signal circuits are exhibited after system-level integration. In
order to enable efficient system-level simulations it is mandatory to build
reduced order, behavioral macromodels. A huge amount of macromodeling
techniques have been proposed in literature for LTI systems. However, it is
known that many circuit blocks are inherently nonlinear and the develop-
ment of macromodeling algorithms for nonlinear systems is not as mature as
for linear systems. Nevertheless, a few promising methods for building be-
havioral macromodels from transistor-level circuit netlist have been recently
developed. These algorithms can be classified in two categories: the first
one groups the methods that generate differential equation-based behavioral
models that can be inserted into a SPICE/Verilog-AMS simulation flow while
the second one includes those that build finite state machine (FSM) models
and event-driven models, respectively. The FSM model is especially useful in
modeling nonlinearities in digital-like circuits. It is important to stress that
this work is entirely focused on LTI systems which will be discussed in detail
in the following.

Black-boxr macromodels can be derived following a well defined sequence of
steps. The most common are outlined in Figure 1.1.
We start from a real device, which can be an hardware prototype. Direct
measurement can be performed in order to provide a set of frequency re-

sponse samples. If a detailed knowledge of geometry and material properties
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Figure 1.1: Macromodeling flow

of the true system are available, also a CAD simulation can be performed
to obtain the frequency response through an AC simulation or through a
transient simulation followed by the FFT. Once tabulated data are available
a fitting algorithm is applied: the most common form for a black box macro-
model is the rational form, stated in Figure 1.1.

Rational macromodels are always required to comply with some physical
properties which characterize real-world systems, such as causality, reci-
procity, stability and passivity. The most important, among them, is passiv-
ity, which is typically enforced a-posteriori, since the fitting procedure can
provide non-passive macromodels. This is a key concept in the theory of
macromodeling and it will be discussed in detail in the following sections.
Many basic circuit solvers do not have the capability of interfacing rational
function-based models, but they only understand netlists made of standard
components (such as resistors, capacitors, inductors and controlled sources).

Therefore, a circuit synthesis is often required in order to build an equiva-
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lent circuit that can be parsed by the solver. Most results of the synthesis
problem refer to classical RLCT synthesis and date back in the first half
of the 20 century thanks to the work of Foster, Cauer, Brune, Belevitch,
to mention a few [1, 2, 3, 4]. So, although, the problem was solved several
decades ago, macromodeling theory and applications has made the topic to

be contemporary again.

1.2 LTI Systems and Their Properties

A system S is a process that transforms a set of independent inputs w(t) in
a set of resulting outputs y(¢).

One possible way to describe a system § is to use as description quantities
directly the inputs and outputs. This is the input-output model (10). A
system having a scalar input and a scalar output is denoted as single-input
single-output (SISO). If the system has several inputs collected in a vector
u(t) € R” and several corresponding outputs collected in y(t) € R? it is
denoted as a multiple-input multiple-output (MIMO). It is also possible to
have single-input multiple-output (SIMO) and multiple-input single-output
system (MISO) systems.

A 1O model describes the input-output relation through a set of differential

equations:

filya@), .y (@), un(t), . ul ™ (), u (), e () =0

Fo(ya(t), o us2(8),ur(t), o ul ™ (), . up (), . ur 2 () = 0

So(up(t), oy (8),un(t), .oy ™ (E), . up(t), o ur P () = 0
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Systems output y(t) at a given time ¢ do not depend in general only on
input w(t) at the same time instant but also on the precedent evolution of
the system. Then it is important to define an intermediate variable between
input and output, called state variable of the system. All the state variables
can be collected in a state vector (t) € R™ and the number of its components

n is denoted as system order.

Definition 1. The state of a system, at a time ty, is the quantity which
allows to uniquely determine the output evolution y(t),Vt > t, provided the

input evolution u(t), Vt > t,.

A second description model for a system S is based on state variables and

it is denoted as generalized state-space model (SS):

In the following sections we will always refer to SS model. In this section we
provide some important properties which are fundamental in the character-
ization of a system. All these properties have a mathematical formulation
which will be pointed out and further investigated throughout the rest of the
chapter.

Linearity. A system S is linear if it satisfies the superposition principle.

Linearity is a fundamental property of systems because of several practi-
cal considerations.
The superposition principle provides that if y;(¢) is the system output cor-
responding to an input w(t) and y,(t) the output corresponding to wus(t)

so the system response to cyuy(t) + cous(t) is c1yi(t) + coya(t), with ¢1, o
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arbitrary constants. The mathematical model becomes:
z(t) = A(t)x(t) + B(t)u(t)
y(t) = C()x(t) + D(t)u(t)
where A(t) € R™*™, B(t) € R™", C(t) € RP*™ and D(t) € RP*".

Time Invariance. A system S is time-invariant if it responses to a given
input always with the same output, regardless of the time instant in which

the input is applied.

This property can be resumed as:

u(t) = y(t) = wut—-1ty) — y(t—ty)

A system which is both linear and time-invariant is denoted as LTT system

(Linear Time-Invariant). Its model modifies as follow:
(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
Where A, B, C and D are constant matrices.
Autonomy. A system S is autonomous if:
o u(t)=0,vt

e f does not depend explicitly on time:
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Memory. A system S is static (or memoryless) if the output a prescribed

time y(to) depends only on u(ty). Otherwise the system has memory.
Causality. A system S is causal if the effects never precede the causes.

In other terms if a system is causal the output y(tg) does not depend on
u(t) for t > to.
A causal system can also be called proper while a non-causal system can be

called improper.

Passivity. A system S is passive if it can not supply to its environment an
amount of energy that exceeds, at any time, the amount of energy previously

supplied to it.

We define as cumulative energy of a generic signal x(t):

&)= [ et dr

1.3 Stability

Stability is a key concept in systems theory because every physical system
must meet this condition in order not to stray too much from the bias con-
dition.

Two different definitions will be introduced in following: The BIBO stability,
which is related to the IO representation, and the Lyapunov stability, which

is related to the SS representation.

1.3.1 BIBO Stability

Bounded-input bounded-output stability, or shortly BIBO stability, is defined

as follows:
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Definition 2. A system S is BIBO stable if and only if, starting from a rest
condition, its output corresponding to a bounded input remains bounded

too.

Let us consider an input w(t) applied to the system in ¢t = ¢y. If it is
bounded it means:

lu(®)|| < My < oo, Vit

BIBO stability requires:

lyOI < M, < oo, V>t

1.3.2 Lyapunov Stability

Before introducing Lyapunov stability it is important to define the equilib-

rium state:

Definition 3. A state x(t) is an equilibrium state (or equilibrium point) for
a system S if:

z(t) =z. = z(t)=wx
We can now introduce the stability condition for an equilibrium point:

Definition 4. x. is stable if:
Ve >0 € d(e to) @ ||x(to) — || < (e, tp) = ||x(t) —xe|| <€ V>t

If this condition is not verified, x. is denoted as unstable.
If . is stable and Jim [|x(t) — x|| = 0 it is asymptotically stable.
If an equilibrium state x. is asymptotically stable whatever the initial state

is, it is denoted as globally asymptotically stable.
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Lyapunov stability implies that if an equilibrium state is stable, its evo-
lution remains arbitrarily close to that state, provided that the initial condi-
tions are sufficiently close to it.

For autonomous LTT systems definition of equilibrium point leads to the re-
lation:

Az, =0

So if A is not singular the only equilibrium state is &, = 0, otherwise, if A

is singular the system has an infinite number of equilibrium states!.

Theorem 1. Given the autonomous LTI system:
x(t) = Ax(t) (1.2)

and one of its equilibrium points x.:

o x. is asymptotically stable if and only if all the eigenvalues of A have

a negative real part.

o x. is stable if and only if A has not eigenvalues with a positive real

part and the multiplicity of any purely imaginary eigenvalue is at most

1.

o x. is unstable if and only if at least one eigenvalue of A has a positive

real part or zero real part and multiplicity greater then 1.

Proof. Let us consider, for the sake of simplicity, £, = 0. It can be proved [5]
that the solution to (1.2) is given by x(t) = eAlxy.

We assume that &y = x, + A. In this case:

x(t) = eMxy = eM(x, + A) =z, + VA

lg, € ker{A}

10
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since, because of the definition of equilibrium state, ez, = x..
(Asymptotic stability): Each term of eA?, and so also of Ae!, can be written

as a linear combination of the system modes [6]:

thelit, k=0,...,v—1 A €R

tkeoitcos(w)t k=0,....,.v—1 i, \f =0+ jw

where {\;} are the eigenvalues of A, which can be real or complex conjugates,
while v is the multiplicity of each each eigenvalue. If the real parts of all the
eigenvalues are negative:

Jim x(t) = Jim . + A =,
This relation holds whatever the value of A.
(Stability): If there are no eigenvalues with positive real parts and the multi-
plicity of purely imaginary eigenvalues is at most 1, then the elements of 4
are linear combinations of two different kind of modes. There are the pre-
viously discussed vanishing modes for ¢ — oo, for eigenvalues with negative
real part, e’ = 1 for A = 0 and cos (wt) for complex conjugates eigenvalues.
The latter ones keep limited for ¢ — co. This means that, whatever A is, the
distance between the equilibrium state and the perturbed state keeps finite
for every time instant t.
Conversely if there are purely imaginary eigenvalues with multiplicity greater
then 1 we will have modes t* or t* cos (wt), with k = 0,...,v—1. Tt is always
possible to determine a perturbation A leading to an diverging evolution for
t — o0o. To eigenvalues with positive real part correspond diverging modes
which clearly lead to instability.
(Instability): 1t follows immediately from the precedent points. O]

11
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Theorem 2. Given the autonomous LTI system:

@(t) = Ax(t)

e if x. is asymtotically stable:

1. x. is the only equilibrium state of the system;
2. x, =0,

3. @, 1s globally asymptotically stable.

e if an equilibrium state is stable (unstable) so any other equilibrium state

is stable (unstable).

Proof. (Asymptotic stability): If x. is asymptotically stable A is clearly not
singular, therefore x. is the only equilibrium state and it coincides with the
origin. It is necessarily globally asymptotically stable because all the modes
are vanishing for ¢ — oo.

(Stability and instability): It follows immediately from Theorem 1. O

As a consequence of Theorem 2 we are allowed to reference to the system
stability instead of the equilibrium point stability.

From Theorem 1 and Theorem 2 it follows:

Theorem 3 (Eigenvalues criterion). Given the autonomous LTI system:

i(t) = Az(t)

The system is:

e asymptotically stable if and only if all the eigenvalues of A have a

negative real part;

12
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e stable if and only if A has not eigenvalues with a positive real part and

the multiplicity of any purely imaginary eigenvalue is at most 1;

e is unstable if and only if at least one eigenvalue of A has a positive real

part or zero real part and multiplicity greater then 1.

1.4 Characterization

As mentioned in the previous sections a LTI system is a system described
by (1.1). They are very important in systems theory because of their sim-
ple, powerful and general analysis and synthesis techniques. In addition the
input-output relation can be expressed in a very simple form, using convolu-

tion. The characterization of LTI systems is based on the impulse response.

1.4.1 Impulse Response

Let us consider a SISO LTI system and a continuous-time input w(t). Ex-

ploiting the Dirac’s delta properties:

u(t) = /+Oo u(T)o(t — 7)dr (1.3)

—0o0

13
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Then we can determine y(¢):

y(t) = Slu(t)] =

/_:O W)t — ) dr| =
-/ :x’ w(F)S[6(t — )| dr =
= [t - sl ar =

-/ :o u(t — )h(r) dr = ult) * h(t) (1.4)

=S

Where h(t) = S[6(t)] is defined as impulse response, that is the output cor-
responding to a unitary impulse as input.

The generalization to the MIMO systems is straightforward:

+oo
y(1) = (u*h)(1) :/ h(r)u(t — 7)dr (1.5)

—0o0

In this case h(t) € R"™*?.
Since a LTI system is completely characterized by its impulse response it is
important to define the basic properties previously defined can be expressed

in these synthetic way:

Memory. An LTI system § is static or memoryless if and only if:
h(t) = D4(t)
Causality. An LTI system § is causal if and only if:

h(t) =0, Vt<0

14
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BIBO Stability. An LTI system S is BIBO stable if and only if:
| Ihi(m)] < oo

1.4.2 Frequency-Domain Response

Although the input-output representation of LTI systems is very powerful in
time-domain, some even more convenient representations exist in frequency-
domain. Let us start from the SS representation of (1.1). The objective is
to derive the evolution of the state starting from the initial state x(0) and
u(t), vt > 0.

Let us denote with U(s), X (s), Y (s) the Laplace transforms of w(t), x(¢),

y(t) (see Appendix ). Applying the Laplace transform to (1.1) leads to:

sX(s) —x(0) = AX(s) + BU(s)

(1.6)
Y (s) =CX(s)+ DU(s)
At this point we can define the transfer matrix as follows:
Definition 5. Given a LTI system and assuming x(0) = 0 (zero initial

state) the transfer matriz H(s) € RP*" is the matrix that, if multiplied to
the Laplace transform of a generic input signal U (s), provides the Laplace

transform of the corresponding output Y (s):

Y (s) = H(s)U(s) (1.7)

Since convolution in time-domain corresponds to multiplication in Laplace-

domain, from (1.5) it results H(s) = L[h(t)].

15
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From (1.1), after straightforward calculations, we obatin:
H(s)=C(sI - A)'B+ D (1.8)

Each element of the transfer matrix is a function of the complex frequency

H;;(s). From (1.8):

H.. Nij<8) . CLmSm + am_lsm_l + -+ Qo

S - 1.9
i(s) D(s) b,s" + by, 18" L+ -+ by (1.9)

Note that the denominator D(s) = |sI—A| is common to all matrix elements.
In this form, each scalar transfer matrix element is expressed as a ratio of
polynomials.

Other representation forms are available: we have the pole-zero form:

c T2, (s — 2)

o) = )

(1.10)

where z; are the zeros of H;;(s) and they are denoted as zeros, pj are the
zeros of D(s), or rather the eigenvalues of A matrix, and they are denoted

as poles. Alternatively we have the partial fraction expansion:

- R’aq

=22

kqls_pk

+Q(s) (111)

where each distinct pole has multiplicity v and Q(s) is a polynomial of degree
m —n.

It is interesting and useful to derive the basic properties in complex frequency-
domain.

In the Laplace domain, the conditions for causality are provided by the fol-

lowing Theorem [7]:

16
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Causality. An LTT system is causal if and only if each element of the transfer
matrix satisfies the Kramers-Kronig relations.

Let H(w) = Hy(w) + jH2(w) be a generic element of the transfer matrix,
which is a complex function of w with H;(w), Hz(w) real functions of w.
H(w) must be analytic in the closed upper half-plane of w and vanishes like

1/|w]| or faster, as |w| — 400, and:

+oo

1 H Ck), ’
Hi(w) = oy 2L / = (_03 dw
“+o00o ’
1 Hi(w ’
Hy(w) = ——p. / w’l(—az dw

where p.v. denotes the Cauchy principal value. So the real and imaginary
parts of such a function are not independent, and the full function can be

reconstructed given just one of its parts.
In Laplace-domain the condition for BIBO stability is provided as follows:

BIBO Stability. An LTT system is BIBO stable if and only if the region of

convergence of H(s) includes the imaginary axis and:
. +m
[Hi (o) < [ by db < o0

There is a direct link between H(s) and Lyapunov stability. In Sec-
tion 1.3.2 we have highlighted the fact that the stability of a system is related
to the eigenvalues of A. It has already been said that the poles of H(s) are

the eigenvalues of A. It follows:

Theorem 4. Given a LTI system with transfer matriz H(s): The system

18:

17
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o asymptotically stable if and only if all the poles of H(s) have a negative

real part;

e stable if and only if H(s) has not poles with a positive real part and the

multiplicity of any purely imaginary eigenvalue is at most 1;

e is unstable if and only if at least one pole of H(s) has a positive real

part or zero real part and multiplicity greater then 1.

1.5 Passivity

Before proceeding to passivity conditions some definitions are required [8].
Definition 6. A transfer matrix H(s) is Positive Real (PR) if:

1. each element of H(s) is defined and analytic in Re{s} > 0;
2. H*(s) = H(s");
3. H(s)+ H(s)® >0 for Re{s} > 0.

Definition 7. A transfer matrix H(s) is Bounded Real (BR) if:
1. each element of H(s) is defined and analytic in Re{s} > 0;
2. H*(s) = H(s");
3. I —H(s)"H(s) >0 for Re{s} > 0.

Condition 1 is related to causality and stability. Condition 2 is related
to the realness requirement of each element of h(t). Condition 3 ensures
nonnegative cumulative net energy absorbed by the system in each time
instant ¢.

In Laplace-domain passivity conditions of the transfer matrix are expressed

by the following theorem [9, 10, 11]:

18
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Theorem 5. An LTI system with transfer matriz H (s) is passive if and only
if H(s) is Positive Real, for impedance and admittance representations, or

Bounded Real for scattering representations.

19



Chapter 2

Guided Propagation Review

Transmission line theory is the link that joins classic electromagnetism and
circuit theory, therefore it has a crucial role in many fields of application such
as microwave circuits and design.

Electromagnetic field propagation phenomena in a generic conductor become
significant at those frequencies corresponding to guided wavelengths compa-
rable with the conductor dimensions. In this scenario the circuit model,
based on well defined approximations [12], is no longer valid.

In the last decades the operating frequencies of digital electronic circuits and
systems are dramatically increased. Since the wavelength is inversely pro-
portional to the frequency, it became increasingly smaller over the years. As
a result, propagation effects can not be neglected anymore, as they play a
critical role in signal integrity.

The wave propagation on transmission lines can be dealt as an extension of
circuit theory or a specialization of Maxwell’s equations. In the following sec-
tions the first approach will be followed and all the most significant relations

for transmission lines theory will be pointed out.

20
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2.1 Telegrapher’s Equations

+

v(z,t)

>_
_® (1) — >_

>

X

Figure 2.1: Transmission line composed by two wires

Let us consider two parallel conductors that are extended along the direc-

tion x for a total length [ (see Figure 2.1). It is well known that this structure

Lox i1 ik_1Lox g

L L

10
ipl Rézx Rox ip2
Up1 Gz §:: O Gz §:: Coz Up2

Figure 2.2: Lumped element equivalent circuit

can be approximated with an equivalent lumped-element circuit depicted in
Figure 2.2. It consists in a series connection between identical cells composed
by the cascade of the series connection of a resistance R and an inductance L
and a parallel connection of a capacitance C' and a conductance G. Each cell
models a segment of length dx of the entire line and, defining the per-unit
length parameters of the line R (2/m), L (H/m), C (F/m), G (S/m), it is
possible to characterize the components each cell.

Let us denote with K the total number of cells, with v, ix the voltage and
the current on the second port of kth cell, with v(x,t) and i(x,t) are the

voltage and the current supported by the conductors at any location x and

21
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any time ¢. Applying Kirchhoff’s laws:

di
Vgy1 — VU = —Rox i, — Lox %
d
ihis — ip = —GOT vpsr — OO ”;t“
Since:
ik = i($, t)
i1 = i(z + oz, 1)
v = v(x,t)
Vg1 = v(x + dz,t)
Equations (2.1), (2.2) become:
v(x 4z, t) —v(z,t) . Ji(z, 1)
— 5 = Ri(z,t)+ L 5
i+ oz, t) — iz, t) G+ 0n,t) + C Ov(x + éx,t)
dx ’ ot

Letting 0x — 0 we obtain the famous telegrapher’s equations:

ov(z,t) . 0i(z,1t)
5 = Ri(x,t)+ L 5

di(w,t) ov(z,t)
s =Gi(z,t)+C pr

With boundary conditions:

v(0,8) = up, (1), w(l;1) = upy (1)

i(07t> = Z'Pl (t)’ i(l7t> = _iPQ(t)
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Equations (2.5), (2.6) form a system of partial differential equations in
time domain. In order to get the solution easier we can move to Laplace-

domain if we assume zero initial conditions:

—dvc(ii’s) =Z(s)I(z,s) (2.9)
_a S’; %) v (s)Viw, s) (2.10)

We indicate with Z(s) = R+sL the per-unit length series impedance and with
Y (s) = G + sC the per-unit length shunt admittance. Differentiating (2.9)

with respect to x and using (2.10) we can obtain:

APV (z,s)

o ()2 V(z, s) (2.11)

Where v(s) = 1/ Z(s)Y (s) is the propagation function.
The analytic solution of (2.11) is:

V(x,s) =V*H(s)e 7T V= (s5)e) (2.12)

Where V.V~ are unknown coefficients.

From (2.9):
B 1 dV(x,s)
I(z,s) = 70 dr
_ V+(3) 6_7(5)35 . V_(S) 67(5)55
ZC(S) ZC<S)

— [+(3)eﬂ(s)x _ [*(S)ev(s)x

Where Zc(s) = ,/% is called characteristic impedance.

23



Guided Propagation Review

(q)—) —(29)
Ii(x,s) _, :
(i) —F) - — (2i)
Vi(z,s) :
—0 ~ —
x=0 =1 =u

Figure 2.3: Multiconductor Transmission Line

2.2 Multiconductor Transmission Lines

A multiconductor transmission line (MTL) is a set of g+1 parallel conductors
separated from a lossy medium (Figure 2.3). The conductor labeled as 0 is
a reference for voltages and a return for currents. The total number of ports
is P=2q.

We collect in V| and I; voltages and currents at x = 0 and in V5 and I the
same quantities at = [. In addition we denote with V(z,s) and I(x,s)
voltages and currents at any location between z = 0 and = = .

We assume that:

1 The wavelength associated with the highest frequency of the signals is

much larger then the maximum distance between the conductors.

2 The electric field component &, is very small compared with the trans-
verse field components &, €, (quasi-transverse electromagnetic propa-

gation).

3 Absence of anisotropic materials.

24



Guided Propagation Review

Under these assumptions V (z,s) and I(z,s) can be described by the teleg-

rapher’s equation previously introduced:

—delz’S) =Z(s)I(z,s) (2.13)
4 El”; ) ¥ (s) Vi, s) (2.14)

Where, because of the third assumption, Z(s) = Z(s)” and Y (s) = Y (s)7.

Differentiating and combining both equations we obtain:

——Vi(x,s) = Z(s)Y (s)V (z,s) (2.15)

——I(z,s) =Y (s)Z(s)I(x,s) (2.16)

At this point we can perform the eigenvalue decomposition of Z(s)Y (s) and

Y (s)Z(s):

Z(s)Y (s) = Ty (s)D(s)Ty ' (s) (2.17)
Y (5)Z(s) = T1(s)D(s)T; ' (s) (2.18)

Since Z(s) and Y (s) are symmetric, it follows:
T, =T," (2.19)
Now we can define the so-called modal transformations:

Viz,s) =Ty V"(x,s) (2.20)

I(z,s) =T;I"(x,s) (2.21)

25



Guided Propagation Review

Combining (2.17), (2.18), (2.20), (2.21), with (2.15), (2.16):

L V(s) = Ds)V™(s) (222
L I"(s) = D(s)I"™(5) (2.23)

Since D(s) is diagonal we can split (2.22), (2.23) into ¢ separate independent
equations. We refer to each component of V™ and I'™ as a modal component.

For each of them we can define a scalar equation:

dQV;cm(xv S) 21ym
S (P s)

d2IIT($7S) 2 tm
S (P 1)

where 7 (s)? = A, with A\.(s) kth eigenvalue of D(s). The solution to this

set of equations is provided from (2.11):

V() = Vi () 7 4 12 ()

I, 8) = I (s)e O — I (5)e

Modal voltages and currents are obtained by the sum of a forward traveling
wave and a backward traveling wave.

Now we consider only the contribution of the forward traveling wave:

Vit (2, 5) = Vi (s)e e

I (7,8) = ]ﬁ(s)e—w(s)x
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Which can be written in a more compact form:

V™(l,s)=H"(s,[)V"(0,s)

I7(l,s)=H™(s,0)I7(0,s)

Where H™(s,1) = e~ VPO is the modal propagation operator-
Applying (2.20) and (2.21) to (2.15) and (2.16) leads to:

d
—%Vm(x, s)=2Z"(x,s)I™(x,s)

d
—%Im(a:, s)=Y"(x,s)V"(x,s)

Where Z™ and Y™ are the diagonal PUL modal matrices. This can be easily

shown:

Z"(s) =Ty Z(s)Ty(s) = T Z(s)T(s) = diag{Z]"(s)} (2.24)

Y™ (s) = T, 'Y ()T (s) = Ty Z(s)T; 7 (s) = diag{V{"(s)} (225
We can now define the diagonal characteristic impedance and admittance

Z['(s) and Y '(s), whose elements are:

In summary, according to the early described model it is possible to refer to
the MTL solution as a superposition of independent modes of propagation.

It can be shown that this model leads to a terminal admittance matrix of
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the form [8]:

Yo (Ya<s> ms))
Yi(s) Ya(s

Where:
You(s) = TY, 3 (s)TY (s)

With Y;*(s) = coth (diag{~x(s) }H)YZ" and Y;™(s) = —[sinh diag{~x(s) }{] 1Y
The modal description of wave propagation leads to a problematic description
in time-domain because of the transformation matrices. In order to simplify
the time-domain macromodeling flow we can derive the frequency-domain
solution directly in physical domain. If we consider (2.15) we can write its

solution as superposition of forward and traveling waves:

V(z,s) = VT(s)e Ve f V= (s5)efv)e (2.26)

I(z,s) = I'(s)e T1®T — [~ (5)el1()e (2.27)
where 'y (s) = +/Z(s)Y (s). Inserting in (2.14) we obtain:
I(z,s) = Z(s) Ty (s)[VT(s)e TV L V= (5)elv ()] (2.28)

Similarly we can define the characteristic impedance, admittance and the

propagation operator:

Yo(s) = Z(s) "/ Z(s)Y (s) (2.29)
Hy(s,1) = e vl (2.30)
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—6) r—
W%17Ii1 ‘/;’2,]7:2“\/\/\,
4-\/\/\,‘/;,1717,1 erIwW

Figure 2.4: Voltage and current waves

The same procedure can be applied for currents leading to:

V(z,s) =Y (s)'Ty(s)[I(s)e 1% 4 I~ (5)el1()7] (2.31)
Zo(s) =Y (s) WY (5)Z(s) (2.32)
H(s,1) = e T10) (2.33)

with T'y(s) = /Y (s)Z(s). Comparing (2.29), (2.30) with (2.32), (2.33) it is

easy to prove that:

Zc(s) = Ye(s)™!

H](S, l) = Hv(S, l)T

Similarly to the scalar case the short-circuit admittance matrix can be derived

( coth (T;(s))Ye(s)  —[sinh (r,(s)z)]lyc(s))
—[sinh (T7(s)1)] 1Y (s) coth (T';(s)1)Ye(s)
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2.3 Traveling Wave Formulations

According to (2.26), (2.31) we can collect in V;, I voltages and currents at

x =0 and in V5, I, voltages and currents x = [:

we now evaluate linear combinations of voltages and currents in order to

define incident and reflected waves from transmission line ports (Figure 2.4):

The relation between reflected and incident wave can be expressed as:

V.i(s) = Hy(s,1)Via(s)
Via(s) = Hy(s,1)Vii(s)
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The same procedure can be applied in order to derive incident and reflected

current waves:

A similar derivation could be also performed by modal decomposition leading

to a set of scalar equations:

Now let us consider a lossless MTL, i.e. MTL with vanishing PUL resistance
and conductance matrices and real, symmetric inductance and capacitance

matrices L., C. The PUL impedance and admittance become:

The relation (2.19) holds so, similarly to (2.24), (2.25):

L™ =T/ L. T;

Cg - TI_l COOT[_T
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where L., C,, are diagonal. In this case characteristic admittance and

propagation operator are written as:

We define the modal propagation delays as:

Took = I\ OR 1 L2 2.34
) 00,k oo,k

Let us consider now the lossy case. For the sake of simplicity we consider
the case of scalar transmission line (¢ = 1) of length {. The PUL parameters

are Z(s) = R(s) + sL(s) and Y (s) = G(s) + sC(s). From (2.29), (2.30):

Y(s)
Z(s)

Yo(s) =

H(s, 1) =e O with~(s) = /Y (s)Z(s)
The PUL impedance and admittance can be decomposed as [13]:

Z(s) = Ry + Ry,(s) + sLy(8) + sLeo
Y(s) = Gu(s) + s5C,(s) + sCx

where Ry is the DC part of the resistance matrix, L., and C, are the infinite
frequency inductance and capacitance matrices and R,(s), Lu(s), G,(s),
C,(s) are the frequency dependent parts of the impedance and admittance

matrices.
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The propagation operator becomes:

H(s,l) = 6—\/(Rg—i-Rw(s)-i—st(s)+sLoo)(G’w(s)—&-sC’w(s)—&-sC’w) = e P(s)

where for 7, holds the definition (2.34) and P(s) corresponds to the delayless
propagation operator and takes into account the effects due to line dispersion

and attenuation.

2.4 Representations Based On Multiple Re-
flections

Before proceed to the representation based on multiple reflections we derive

the short-circuit admittance applying the boundary conditions (2.7), (2.8):

Via(s) = V() + V()
sz (5) = VJF(S)@*'Y(S)Z + V- (S)e’y(s)l

Obtaining:

b)) _ 1 1 —1 ) (V*(s)
(Ipz(s>) - Zo(s) (67(5)1 ew(s)l) (V(s)) (2.36)

Combining (2.35), (2.36) we can obtain the short-circuit admittance:

y coth (y(s)l) —[sinh (’Y(S)ml) (2.37)

p(s) =Yo(s ( .
—[sinh (y(s)])] 7! coth (v(s)I)
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Let us consider a lossy transmission line of length [. From (2.37):

1 4 e 20
Ya(s) = Ye(s) T — e
2¢—27(s)l

Yils) = =Ye(s)T— e

Using the well known expression!:

Z e~ 2m(s) (2.38)

1—627

we obtain:

Ya(s) = Ye(s) [1+2 Y e 2l

m=1
S

Yi(s) = —=2Ye(s) Y e~ m+(s)!

m=0

Considering the delayless propagation operator H (5,1) = e7V)esTo0

Ya(s) = 3 Qom(s)e= ™ (2:39)
m=0
Z Qa1 (s)e sl (2.40)

It is very easy to transform equations (2.39) and (2.40) into time-domain by

inverse Laplace transform:

GlD) = 3" gom(t — 2mr.)

m=0

Z q2m+1 2m + 1)Too)

'Which converges for Revy(s) > 0
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Guided Propagation Review

These expressions provide a very clear interpretation: a voltage pulse applied
on one port terminated into short circuits causes a series of current pulses
whose arrival times at line ends are integer multiples of 7,. The frequency-
dependent term @,,(s) contains the information about the dispersion and

attenuation.

Figure 2.5: Schematic of the Sy, So1 measurement circuit

It is important to stress that the representation based on multiple reflec-
tions holds true also for other terminal representations, such as open-circuit
impedance and scattering. In the last case this can be proved assuming
scalar, lossless transmission lines and a real reference impedance Ry2.

With these assumptions we consider the lossless propagation operator H (s, ) =
e *™ and the propagation constant v(s) = a(s) + j3(s) = jB(s). Defining

the reflection coefficient:

V™ (s)e/tP) 728(s) (2 1)
F(ZE, S) = W = FQ(S)@

where I'g(s) = I'(x = [). Now it is worth noting that:

Z(z5) = yff,’ff = Zels) 1 . ?Ei 3
Since:
Ro = Ze(s); j§g§j§ Fo(s) = Z“;;ig

2The extension to the lossy case is then trivial
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We start from the definitions of S-parameters (Figure 2.5):

g b ~ Vi—Roly
Y|, Vit Rl
g _ b - Vo= Roly
S a2=0_ Vi+ Roly

where Vi =V (z =0), Vo =V(z=1), [, = [(x =0), I = —I(z = 1), with:

V7*(s)
Vix,s) = e BT (x5
(@.9) = 5oy P 1= Dla )
Evaluating Sy, leads to:
1+ [o(s)e 72861 — Rg [ —Dy(s)e 7280 ]

Sll =

_ Zc—Ro+ (Zo + RO)FO( )e3Be)
ZC + R() + (ZC — Ro)Fo( )6 ]B(S
_To(s)(1 = e7270)  To(s)(e™ — 1)

)

1+ Lo(s)e=72800 4 Ba [1 — Ty (s)e-a20)]
)
)

= , = 2.41
1 —T3(s)e 7280l 1 —T3(s)e 257 (2:41)
Where I' = —I'y(s). Evaluating Sa,:
o Zee PN + To(s)] + Roe PPI1 — Ty (s)]
2T 14 To(s)ei280 T [ — Ty(s)e—7280]
_ [Zc+ Ro+ (Zc — Ro)Lo(s)]e P
~ Zc+ Ro+ (Zc — Ro)lo(s)e 7060

1 —T3(s)e 928 1 —T3(s)e 257
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At this point we can apply (2.38) to (2.41), (2.42) obtaining after straight-

forward calculations:

St =—To(s)+ > (1 —Tg(s))gn e *2mm> = Z Qam(8)e 2™ (2.43)

So1 = Z (1 _ F3(5>)Fgm<8)678(2m+1)700 — Z Q2m+1 (S>efs(2m+1)7—oo (244)

m=0 m=0

Finally it can be proved that structures compesed by lumped multiports
elements and transmission line segments may be represented as in (2.43),

(2.44) [14].
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Chapter 3

Delayed Vector Fitting

In this Chapter we introduce the Vector Fitting algorithm [15]. It is the most
popular scheme for fitting rational functions to a set of frequency-domain
tabulated data for several reasons: it is relatively simple, very efficient from
a computational point of view, it guarantees high model accuracy with low
model orders and, finally, it was made freely available from the beginning on
[16]. Unfortunately, it proves inefficient when the function under modeling is
a generic element of a transfer matrix H of a system in which propagation
effects cannot be neglected. The Delayed Vector Fitting modifies the VF
scheme such that this particular class of functions can be accurately modeled
without significantly increasing the model order. However, in order to apply
DVF it is necessary to know, as accurately as possible, the arrival times of the
structures under test. Since they are not always available, a pre-processing
of the tabulated data must be performed with a dedicated algorithm.

In the following Chapter both the two algorithms are discussed in detail, with
the aid of numerical examples based on simulated and measured frequency-

dependent data.
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Delayed Vector Fitting

3.1 Rational Curve Fitting

Let us consider a generic physical process described in some functional form

v

¥ = f(x), where ¢ is some observable output of the system and the function
f is unknown. Then we can collect K exact measurements (with no super-
imposed noise) (xx, Jx). Our main goal is to find a closed-form, approximate

representation of the input-output relation f in the form:

y~=fOGon,. .., 2.) = f(X;x)

Where f is a precise functional form and {z;} are free parameters which will
be tuned in order to guarantee an accurate model.

This goal can be achieved by means of least squares curve fitting:

T* = arg mmin{]; [0 — O )]’} (3.1)

In Chapter 2 we have seen that SISO LTI systems have rational transfer
functions, so they are ratio of polynomials. Therefore, if we start from the
input-output frequency response of the system, the computation of a black-
box macromodel is, basically, the solution of a rational curve fitting problem.
We can identify y; with s, = jw, and ¢ with H, = Fl(sk) and we can
assume, from now on, that frequency response data points are noise free.
Problem (3.1) can be stated as follows:

K
. 2
o = argmin F(x), where F(x) = > Hp — H(sk;a:)‘ (3.2)
k=1

Function F(x) is denoted as cost function and it can be rewritten as:

F(x) = ||r(x)|]>, where r(x)=0b— H(x)
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and:
PIl H(Shw)
H. H(so;x
b=|"7|, H(x) = (s2;)
ﬁ[K H(sg;x)

where 7 is called residual vector.

The general Problem (3.2) can be particularized in different parameteriza-
tions depending on the particular form in which the transfer function of the
system is represented.

For the sake of simplicity let us restrict, for a moment, to strictly proper

rational models:
n—1
agpt+ais+---+ap_1s

H =
(s,) bo +bis+ -4 bp_ys"L 4 57

where the coefficient corresponding to the power n in the denominator has

been normalized to 1. In this case there are 2n parameters:
T
x' = (ag,a1,...,a,_1,b0,b1,...,b,_1)

The generic component of the residual vector can be rewritten as:

N ao—i—alsk—i—---—f—an_lsz_l ~ N(Sk,w)
r, = Hy, — =Hy— ——— 3.3
" " b+ bysk 4o+ bo_157 "+ s} g : (3.3)

Now let us consider the partial fraction expansion for the transfer function:
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which every distinct pole p; is assumed to have multiplicity 1. In this case

it results:

iBT = (Rl,R2, .. -;Rn7p17p27 cee ;pn)

since poles and residues form a system of 2n degree of freedom in Prob-

lem (3.2). The residual vector collects the components:

R;
Sk — Py

n
Tk:Hk_Z
j=2

The stated problem is non linear because the residual vector does not depend
linearly on the model parameters.

A first attempt to modify the LS problem of rational curve fitting and to
transform it in a linearized was made by Levy [18] in 1959. His idea consisted
of multiplying rj for the model denominator D(sy;«), obtaining a linear

problem with a new residual vector:
T, = D(Sk; w)ﬁk — N(Sk, :13)

This procedure is very simple but leads to very ill-conditioned problems when
the numerator and/or denominator orders increases. In addition, the solution
of the new LS problem is actually the solution of a weighted LS problem, so
the fitting error may be magnified or reduced at some frequencies by a factor
that depends on the model being fitted.

In the following sections we analyze several fitting methods which overcome
these issues and focus on a partial fractions representation, that is more

suited for the great part of the applications.
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3.1.1 Sanathanan-Koerner Iteration

Let us consider Problem (3.2) with residual vector components in the form (3.3).
Sanathanan and Koerner [19], in 1936, defined an iteration method, denoted
as Sanathanan-Koerner (SK) iteration, based on compensation of the bias
error introduced in the linearization of (3.3).

Perfect compensation is achieved dividing each component again by the
model denominator D(sg;x) and getting back to a non-linear problem. The
requirement of perfect compensation can be relaxed, introducing an iterative
process. Let us denote the iteration index with v, the solution at the vth

iteration with @,. The iteration-dependent residual r”(a,) components are:

D(sg; zc,,)ﬁk — N(sg; )
D(sp; Ty—1)

ri(@,) = (3.4)
In other words, the iteration-dependent residual, at iteration v, is obtained
from (3.3) normalizing by the denominator estimated in the previous itera-
tion. Since in the vth iteration D(sy;@,_1) is known, the minimization of
|77 (2,)|| can be achieved through a linear LS problem. The first iteration
coincides with the Levy’s method. While the iteration proceeds, the com-
pensation gets better and better, so that, if the method converges, the bias
in the estimated model is eliminated. In other words, letting v — oo we have
D(sg;x,) = D(sk, x,—1), so residual (3.4) is equivalent to (3.3).

The SK iteration, as presented, solves only the bias problem of Levy method
but not the numerical issues related to possibly high powers of s and wide
frequency bands. This is because the SK iteration is still based on polynomial
representations. This representation can also cause a loss of accuracy when
converting the ratio of polynomials N(sy;x) and D(sg;x) in a state-space

model, which is more often required.
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3.2 The Vector Fitting Algorithm

3.2.1 Vector Fitting Iteration

Let us consider a proper system (m = n) and a set of basis functions ¢(s)
that can be used to represent the numerator and the denominator of the

rational model:

N(s;w)  XitoRyps(s) Mo Rips(s)
D(s;x) >0 djp;(s) vo(s) + > djp;(s)

H(s;x) = (3.5)

where coefficient d; is set to 1 in order to avoid the indetermination due to a
possible renormalization of both numerator and denominator by an arbitrary
constant.

One of the most convenient choices of the basis function is the set of partial
fractions associated with a set of prescribed poles {¢;,7 = 1...,n}. These

are defined as:

1

. j=1,....n
S—Qj

wo(s) =1, and ¢;(s) =

If the poles are distinct, so that ¢; # ¢; for i # j, the basis functions are
linearly independent. It is useful, for the upcoming derivations, to define the

following matrices:

1 1 1
51 — 51 — s —qy
11(11 11(]2 1161
B, =|52—@ s2—¢@ = s2-a (3.6)
1 1 1
Sk —q1 SK — (2 SK — qn
@0:(1 @1) (3.7)
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where 1 is a column vector of ones.

Assuming partial fractions basis, (3.5) becomes:

H(s,z) = Sl (3.8)

If the basis poles g; and the coefficients c;, d; are known we are able to

compute the poles and the zeros of both numerator and denominator, so we

can write: . s
n A
=1 n .
S —q; jo1 (5 — 2)
H(six)=cy———— =y — 3.9
(si@) =0 n S=DPi I, (s —py) (39)
J—ls_qj

leading to a standard pole-zero form of the model.

Let us start from (3.8) with a set of distinct, arbitrary complex poles {¢; €
C,7=1,...,n}, which can be denoted as starting poles. In general, we will
refer to {q;’ } as the starting poles for the iteration v. The same notation will
be used also for the basis functions and for the coefficients of partial fractions
expansion.

We define the VF weighting function as:

n

a”(s) —I—Z s)=1+4+>

7j=1 §— J
It is to be noted that ¢”(s) — 1 for s — oc.
From (3.8) it follows:
CV
cy + Z ——
= —2"t 3.10
k (1) (3.10)
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So, the approximation to be enforced, in LS sense, is:

n n v

cg+z

v

~ H, (3.11)

Sk:_q] 18k_QJ

Collecting all the frequency samples as rows and particularizing the defi-
nitions (3.6), (3.7) with the iteration-dependent poles ¢}, we can build an

overdetermined system:
(@ — H® )z, ~ b (3.12)

where b, = ﬁk, H = diag{ﬁl, e fIK} The LS solution of the system will
be:

x, = (ch,....cd, ... .d)"

and can be computed using standard techniques.

Our goal now is to compute the starting poles of iteration v + 1. A closer
inspection to (3.9), (3.8) leads to the conclusion that the new starting poles
are, basically, the zeros of o(s). So, in order to find the new iteration poles

we have to compute the zeros p; of:

—1+Z . ?’:1(8—]9]‘)

]18—% iy (s —qj)

where coefficients d; and ¢; are known. After the zeros of o(s) are computed,

we can impose:

{¢""Y={p;}, j=1....n
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We first note that the zeros of o(s) are the poles of 1/0(s). The we derive a

state-space form of a LTI system having o(s) as transfer function:

= Ax + 1u
(3.13)

y=Cx+u

where A = diag{q,...,q.}, 1 =(1,...,1)T, C = (dy,...,d,). The transfer

function of system (3.13) can be also written as:
o(s)=1+C(sI - A)'1

Since 1/0(s) = U(s)/Y (s), the state-space form of a system having 1/0(s)
as transfer function is obtained exchanging using u as an output and y as an

input. Then, from (3.13):

&= (A-1C)z+ 1y

u=—-Czx+y

We can now compute the zeros of o(s) as the poles of system (3.2.1), so they

are the eigenvalues of the matrix (A — 1C):

{p;} = eig(A - 1C)

This process of computing the new poles, starting from the poles and the
residues of the previous iteration is usually denoted as pole relocation. This
is because the VF actually moves the poles along the complex plane, until

convergence is achieved, 7.e. when {q}’“} ~ {q7}. If this condition is verified,
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it results, from (3.10):

v+1 v
j= 1(S_q] ) Z C
IT5- (s — q}) 0 j=1 — 4

o’ (s) = (3.14)
So the poles {q;’} can be considered as the dominant poles of the system,
the coefficient ¢ as the direct coupling constant and the coefficients ¢} as
the residues associated with the model poles ¢7. In general a more accurate
result is obtained computing the residues of the model as the solution of the

LS problem:
Hy, ~ Ry +
F 0 z_: Sk — QJ

k=1,... K

which can be reformulated as:

<I>0:13:b

with & = (R(), Rl, e 7Rn)
After a fixed number iterations v,,,, the described process provides all the

elements for the definition of the model:

+ an (3.15)

S — pj
3.2.2 Constraints

In Chapter 2 we discussed about physical properties of LTI systems and how
they apply on the impulse response h(t) and transfer function H(s). So it is
clear that, if the function to be modeled is the transfer function of a system,
it must satisfy some well defined physical properties, so poles and residues
of its partial-fractions representation can not move freely in complex plane

without any constraint. Such constraints typically require realness, causality,
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stability and passivity of the system under modeling.

Realness

The model should have a real impulse response h(t). This condition is guar-
anteed imposing;:

H(s") = H"(s)

Proof.
He(s) = ( | e dt) _
_ /OO h(t)e™"t dt = H(s")
the last relation is true if and only if h(t) € R, Vt. O

Let us refer to the model (3.15). The aforementioned requirement is
fulfilled when Ry € R, and:

1. if p; € R, then Rj e R;

2. if p; = p;- + jp;-/ € C then p; = p; = p;- — jp;-' is also a pole and the

corresponding residues satisfy the relation R; = R;.

In order to enforce these two conditions we start from (3.12), rewritten for a

frequency sample s; as:

where:

1 1 1 H H
Ak:<1 — i . = k )
Sk —dq1 Sk — Q2 Sk — Qn SE—q1 Sk — Qn

r = (Co,...,Cn,d17...,dn)
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!/

Let us consider a pair of complex conjugate poles ¢; = ¢; + jq;/ and gj41 = qj.

Our goal is to enforce:

dj=d +jd =dj =d;

’ 7 %
Cj=¢C +Jc = Cjy1 = ¢

Since:

d; d; 1 1 / ] ] "
’ + ]*:< + *)d]_l_( . o / *)dj
S—q  S—q S—q S—q S—q s—q

and similarly for the ¢; terms, we can modify x as follows:

(cjre)" = (cjicipn)”
(d;, d;)" = (dj, djsr)"

7770

We apply a similar modification to Ay:

1 1 J J 1 J
+ * o * % *
S—¢q¢ S—q S$—¢ S—(; S—¢q S$S—g;

( k 4 k* JHe ] k*>_>< k J k*>
8 —qj s—4q; S—qj s —dqj s—4q; S—(;

The next step is to split the system (3.17) with complex-valued coefficients,
modified as we have just described, into an equivalent system with real valued
coefficients. In order to do that it is necessary to split the real and imaginary
parts of the modified system (3.17):
AL (b
T~

e Y

Ay
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Repeating this procedure with all the frequency samples gives the following

overdetermined linear system:
Az =b (3.17)

where the solution vector @ collects all real values.

Imposing the above-described constraints o(s) is guaranteed to satisfy the re-
alness condition. Nevertheless, the new relocated poles, i.e. the zeros of o(s)
are not guaranteed to have the same property, because they are computed as
stated in (3.14), so they are in general complex-valued and not necessarily
complex-conjugate. If we consider a pair of complex-conjugate poles ¢; and
¢j+1 and their corresponding complex-conjugate residues, a simple transfer

function composed only by them can be written as follows:

-1
’ 1

d; d; / 7 4; 4; 2
— + J*=<dj dj> sI—| 7 "
§—Gj §—4; —q; 4 0

In the view of this, the aforementioned objective can be achieved with the

following replacement:

Stabilty and Causality

Any actual system has to be stable and causal. As discussed in Chapter
2 this means that, if the poles are distinct, they should have negative real
part.

This property is imposed through an heuristic procedure denoted as pole

!

flipping. Every time a relocated pole ¢; = q; + jq;-' has a positive real part
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we simply invert the sign of real part:

—q; —

then we use it in the set of starting poles for the next VF iteration. Since
this procedure corresponds to flip the pole in its mirror point in the complex
plane, hence the denomination of the method. The technique is very simple
but, at the same time, effective. With the proceeding of the VF iterations

the poles stabilize, so no pole flipping is usually necessary.

Passivity

The model should have a Positive or Bounded Real transfer function H(s).
This condition has been introduced in Chapter 2, referring to a black-box
input-output characterization of the system. If it is further elaborated, when
some internal-space description of the system is available, we can formulate
several alternative passivity conditions which lead to as many passivity ver-
ification and enforcement techniques.

If we restrict our attention to regular and asymptotically stable system with

state-space realization:

T = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

with Re{\;} < 0, V\; € eig(A). For such systems we have the following

alternative passive definitions:

Definition 8 (Positive Real Lemma [20, 21]). For state-space immittance
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systems:

. A"P+PA PB-C”
JP=P'>0: <0
B"P-C —(D+D")

while for state-space scattering systems:

ATP+PA PB CT
P=P">0: BTP —-I DT|<0
C D I

Definition 9 (Frequency-domain non negativity). For state-space immit-
tance systems:

H(jw) + H(jw)? >0, Vw

Definition 10 (Frequency-domain unitary boundedness). For state-space

scattering systems:

|H (jw)ll2 <0, Vw

Definition 11 (Hamiltonian eigenspectrum [22]). Assuming D + D7 > 0,

for state-space imittance the Hamiltonian matrix

A-B(D+D")'C  —-B(D+D")'B”
C’(D+D")'Cc -AT+CT(D+ D")'B?

must non have purely imaginary eigenvalues.

Assuming ||D|| < 1 such that I — DT D > 0, the Hamiltonian matrix

A+ B(I-D"D)"'D’C —B(I - D"D)"'BT
C'(I-D'D)"'C  —-AT-C'D+(I-D'D)"'B”

must non have purely imaginary eigenvalues.
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Passivity can be achieved through different techniques, which can be clas-

sified in two main groups:

e A-posteriori techniques or passivity enforcement techniques: they cor-
rect the identified passivity violations of the identified model. This

enforcement, inevitably, degrades the accuracy of the model.

o A-priori techniques: the allows to identify inherently passive models,

enforcing suitable constrains during the identification process.

The first ones are easier to implement from a computational point of view
but are , of course, less general than the second ones.

One of the most popular scheme has been proposed by Gustavsen [23]. It
provides for passivity enforcement in correspondence of a finite set of fre-
quencies {w;} and it is described for admittance matrices Y. The method
applies a correction to the rational approximation of Y which enforces the
PD-criterion® to be satisfied. The method is based on linearization and con-
strained minimization by quadratic programming. Although enforcement of
the PD-criterion is demonstrated to give a stable result, passivity is not guar-
anteed for all the frequencies.

A second technique has been proposed by Grivet-Talocia [22] and it is pre-
sented for linear time-invariant multiport systems in state-space form. The
formulation is applicable in case the system input-output transfer function
is in admittance, impedance, hybrid, or scattering form and the passivity
enforcement is provided for all frequencies in the bandwidth of interest. The
presence of imaginary eigenvalues of the Hamiltonian matrix reveals passiv-
ity violations and correction is provided by a suitable iterative perturbation

of the C matrix.
IPD = Positive Definite
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As concerns a-priori strategies, the most successful ones are based on the
idea of constraining the residues after computing the poles. This idea allows
to use convex optimization based techniques which guarantee a global opti-
mum [24].

In [25] is presented a technique based on PR-lemma and convex-programming.
The resulting passive model minimizes the distance from the data. However
this approach has a complex formulation and the synthesis requires addi-
tional steps.

A less general, yet effective, technique is presented in [26], where passivity
constraints are imposed on the single partial fraction terms via convex pro-
gramming. This condition is not necessary but it is sufficient to guarantee
passivity, it considerably simplifies the formulation of the problem and it

benefits the synthesis process.

3.2.3 Initialization of the Starting Poles

In Section 3.2.1 has been shown that pole relocation process is based on the
LS solution of system (3.12). This solution has to be as accurate as possible

and difficulties may arise if the starting poles are not properly chosen [15]:

e The linear LS problem becomes ill-conditioned when the starting poles

are real;

e When the difference between the starting poles and the correct poles is
large, o(s) and o(s)H (s) exhibit large variations. The result is a poor

fitting where these functions are small.
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This said, the best choice is to choose complex starting poles, with linearly

spaced imaginary parts in the band of interest [0, wyaz]:

” jwmax / qj .
. = = —— = 2 4 . ..
q] n ) q] 100 ) J » T

’

4j-1,5 = 94 + J4; s

If the response of the system under modeling is characterized by significant
dynamic contributions in a broad frequency band [wWinin, Wimaz] possibly rang-
ing several decades, it is preferable to use a logarithmic spacing of the starting
poles.

Also the number of starting poles plays a crucial role in the fitting result.
In practice one will attempt an order and increase it if the fitting accuracy
is not sufficient. However a rule of thumb can be given: the model order
should be at least equal to twice the number of magnitude peaks of the
frequency response. This rule is based on the fact that at least a pair of

complex-conjugate poles is necessary to model each peak.

3.2.4 Application to Multiport Responses

Until now, the Vector Fitting algorithm has been presented assuming scalar
SISO systems. Nevertheless, the algorithm can be generalized in order to fit
the entire transfer matrix H (s) of a MIMO system. In fact, the denomina-
tion "vector” [15] has been introduced because the basic idea introduced in
Section 3.2.1 can be easily extended to fit several responses simultaneously,
using a common set of poles.

Let us consider P multiple responses ﬁi(s),i =1,..., P, collected in a col-

umn vector b € CP. Assuming that K samples of each response iL(Sk) are
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known, we aim to compute a vector h(s) of rational functions such that:

n

h Sk R() Z p
j=1 J

(3.18)

where the set of poles {p;} is common to all the functions and R; € C for
7=0,1,....n
Similarly to the scalar case, the representation (3.18) can be expressed in

terms of the basis rational functions as:

c.
n J
¢y + Zj:1 5 _

hs; ) = M52 _ 7 9 (3.19)
1+

S—q]

where in the vector @ all the unknowns parameters are collected:

x = (c,c,...,cp;d)
ci=(ch,....c)T"
d=(dy,...,d,)"

With a procedure similar to the one shown in 3.2.1 we can obtain:

(co—l—z

j=15k —Pj

which leads to the matrix form:

b, 0 0 —H,®, b

0 q)o 0 _ﬁQ(I)l b2
Tr =

0 0 &, —Hp®, bp
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where H; = diag{hi hi, ... hi.} and b; = (ki hi, ... hi)T.
Once the d; coefficients are know, we are able to compute the relocated poles

as the zeros of o(s). The residues can be computed as follows:

b ~ B
where:
x=(R,R,,...,Rp)
B = (by,by,...,bp)
with:

R, = (R}, Ry,...,R)".

At this point, it is straightforward the extension of the algorithm to the more
general case in which, besides the constant term, a proportional term R, is

present:

R
h(8k> = ROOS+R0+Z 7

j=1 Sk — pj
3.2.5 Implementation

One of the reasons, among others, for the Vector Fitting success is that
its MATLAB® implementation is freely available on [16]. There are three
versions of the algorithm and each of them is accompanied with a manual
and several examples.

A 7lite” version of the Vector Fitting algorithm has been developed, for
educational purposes. The core of the algorithm is the function VF.m which

executes a single Vector Fitting iteration. In MATLAB® notation:
[A,C,D,E] = VF(s,H,sp,options)
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Let us start with the outputs of the function: A is a vector containing the

relocated poles, C is a matrix whose rows collect the residues of each response

(R, RS, ..., Ri)T, D is a vector containing all the constant terms R}, i =
1,...,P and E is a vector containing all the proportional terms R’ , i =
1,...,P.

The function has four inputs: s is the complex frequency vector containing
Jwi, k = 1,..., K, His a vector containing K frequency response samples
H(sg), sp is a vector containing the starting poles of the iteration, options
is a structure enclosing the algorithm settings. The user can set the following

fields:
e options.sys

0 the system is strictly proper (Ry = 0, R, = 0);
1 the system is proper (R, = 0);

2 the system is improper.
e options.se

0 the stability of the system is not enforced;
1 the stability of the system is enforced through pole flipping;

2 the stability of the system is enforced through the cancellation of

unstable poles.
e options.scale

1 the normalization of the columns of the A matrix of the linear LS

system (3.17).

e options.QR
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1 system (3.17) is solved through QR factorization.

The first two fields of the structure do not need for further explanations.
The field scale is often necessary because the VF rational basis functions
have a magnitude response depending on the pole location. In particular
functions associated with high-frequency poles have a smaller magnitude than
those associated with low-frequencies poles. For applications involving wide
frequency bands, this will result in a badly scaled LS system, finally leading
to a loss of fitting accuracy. Scaling each column of the A matrix with the
inverse of its own norm leads to better scaled LS systems.

The field QR refers to QR factorization [27, 28] which is needed when there are
a lot of frequency responses to fit simultaneously. In these cases the size of
the system (3.17) may grow very large, especially if the model order is high,
leading to an excessive computational burden. Let us start with performing

a QR factorization of a single block, assuming a proper system:
<‘I)0 —.ﬁiq)1> = Qsz
where Q; € CK*C+1) QHQ, = I and:

R!' RP
0 R

Ri -
with R; € Cen+DxCn+) and R R? are square, upper triangular blocks.
Exploiting these relations we can write:

R!' R}* 4 b
L |e~Qifv =
0 R b}
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Since ¢ = (¢, d)’ and only the vector d is required for pole relocation, we

can collect only the second block rows for i =1,..., P:
R2
R2? .
> ld~ bl (3.20)
R}

The size of system (3.17) is (PK) x [P(n + 1) 4 n|, while the size of (3.20)
is only Pn X n. Since, in general, n < K, this solution is convenient from a
computational point of view, if compared with the first one. The same idea

can be finally extended also to residues calculation.

3.2.6 Examples

The VF.m function has been compared with the simplest implementation
available on [16], which is the first function release vectfit.m. In order to
do that, the script containing the examples provided along the function have
been suitably modified, adding some code which performs the same number
of iterations of the Vector Fitting algorithm with the VF.m function, assum-
ing the same starting poles and the same settings of vectfit.m.

Until now, we have talked about fitting accuracy, without any further ex-
planation. Now we need to be more precise: the accuracy measures the
"distance” between the fitted model and the data under modeling, i.e. the
error introduced by the modeling process and it can be quantified in several
ways.

First of all, given a vector H (sk), k=1,..., K representing data and a fitted
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model H(s), we can define the absolute error as follows:

v

ears = |H (sk) — H(sg)| with H(sg) = H(s) | kE=1,...,K (3.21)

S$=5p
or, if | H(s;,)| # 0, Vuwy, we can define the relative error:

FI(S}CZ — H(Sk)

H(sy,)

Crel =

The fist one is more often used when dealing with S-parameters, while the
second one is more useful when dealing with Y-parameters or Z-parameters.
These definitions measure the accuracy point-by-point. However, it is often
required a synthetic measure. The most widely used are the Mean Squared

Error (MSE):
1 & .
MSE = = > |H(sk) — H(sp))?
k=1

the Root Mean Squared error (RMS):
RM S, = VMSE
or the mazximum error:
MAX,,, = max |H(s) — H(sy)|
In the following we will assume as a target a M AX,,, < —40dB.

Example 1

A function H(s) = f(s) has been created predefining 18 poles and residues
(2 real poles and 8 complex-conjugate pairs) in a frequency range f €

[0,100 kHz|. Also the constant and the proportional terms are predefined.
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A rational function f(s;) has been numerically generated with K = 100 fre-

quency samples jwi. The common settings of the algorithm are the following;:

Number of iterations N; 3

Model order n 20

System Improper
Stability Enforcement Pole Flipping

Scaling Basis Functions Yes

180 T T T T T T

Data
160

1] vectfit
140 [ h 1

120 Iy i

100 i I 4

IH|

80 H

b e S
-
-
-
-

40 -

e
e

10 20 30 40 50 60 70 80 90 100
f [kHz]

Figure 3.1: Magnitude

The results are summarized in Figure 3.1, 3.2, 3.3. The quality of fitting
has been measured with definition (3.21). Plot 3.3 reports also the RMS
error and the maximum error of the VF.m routine, while the same quantities
are reported, in brackets, for vectfit.m. The two MATLAB® functions
provides exactly the same result. Nevertheless, the VF.m function shows an

execution time of 102.2ms which is quite a half of the vectfit.m execution
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time of 208.2ms. This is because VF.m is a "lite” version of the algorithm

and it is much simpler than the original releases available in [16].

Example 2

In Section 3.2.4 has been shown how the VF algorithm can be easily extended

v

in order to fit, simultaneously, multiple responses. A vector h(sy) collecting
two functions can be artificially generated using the same poles defined in

2 and

the previous example and assigning half of the poles to each function
assigning different constant and proportional terms. Also the settings remain

those of the previous example.

200 T T T T T T T T T

Data
180

f
i
lI vectfit
160 P

140 F il |
120 F

T 100F

i
|
|
|
80 |
I
60 - i
]

40 /

f [kHz]

Figure 3.4: Magnitude of the second function

For the sake of brevity, the results are shown only for the second func-
tion in Figure 3.4, 3.5, 3.3. It is worth noting that, since the model order

has been unchanged while the number of poles for each function has been

21 real pole and 4 complex conjugate pairs
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halved, the accuracy of the model exhibit a huge improvement, for both
VF.m and vectfit.m, as expected. Similar considerations can be applied
also for the first function, which is modeled with an RMS error of —240.56d B
and —242.54dB, respectively. The execution time of VF.m is 17.7ms, much

smaller if compared with the vectfit.m execution time 102.2 ms.

3.3 Delayed Vector Fitting

In Chapter 3 we have proved that each term of a scalar transmission line
admits a representation based on multiple reflections. Without loss of gener-
ality, we can consider a scattering representation S(s) of a scalar, reciprocal

transmission line. Summarizing the results discussed in Chapter 3:

St =D Qam(s)e™"™ =3 Qop(s)e*Tmn (3.22)
m=0 m=0
Sy = Z Q2m+1(8)€—8(2m+1)7'oo _ Z Q2m+1(8)6_57—m21 (3'23)

where 7,,;; and 7,,5; are the physical delays due to the propagation of the
electromagnetic field inside the structure and take also into account the mul-
tiple reflections a wave may experience.

Now our main objective is to derive compact and stable macromodels of (3.22),
(3.23). First of all, the terms in (3.22), (3.23) are expressed as sum of an
infinite number of terms. This problem can be easily avoided truncating the
series to a finite number of M terms. This approach is justified by the fact
that the signal can not be completely reflected in correspondence of each
discontinuity on the signal path. In addition, if the line is lossy, the signal is
also attenuated in its path.

Now we might think that VF is good choice to model each term of the sum.
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Unfortunately, it is not, because of the presence of complex exponentials in
the expansions.

From now on, we assume, for the sake of simplicity, a lossless transmission
line, unless otherwise specified. Let us consider a single term e~*7m. The

periodicity €2,,, in frequency-domain, can be expressed as follows:

2 2
e (3.24)

Qi
Tm VO Lo

where [ is the line length. From (3.24) it is evident that the longer is the line
length [, the smaller is the frequency-domain periodicity €,,. Since modeling
a complete phase rotation requires at least two poles and two zeros, any
rational curve fitting algorithm will lead to very high-order macromodels, if

a decent accuracy is required.

3.3.1 Delayed Vector Fitting Iteration

Let us consider a generic term of a transfer matrix of a scalar transmission
line H(s). Whatever its representation is, for what discussed on the previous

section, it can be approximated as:
H(s)~ > Qu(s)em (3.25)

For the moment we assume that the delays 7,, are known® and frequency
samples H (sk), k =1,..., K are available over a frequency band of interest

[0, Winaz]- The main idea is to fit the term @,,(s) as a rational functions with

3they can be previously computed or directly estimated from tabulated data
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a common set of poles {p;}:

n Cm
cm0+2ﬁ
Qu(s) ~ mo+z — =107 4 (3.26)
Jls pJ 1—1—2
18—q]

The denominator in (3.26) represents the weighting function o(s). Evaluat-

ing (3.25) for s, k=1,..., K we obtain:

M—-1 n n
Z Cmo + Z e SkTm _ H{(sg Z ~ H(sy)
m=0 j=1 Sk — ;5 j=1 Sk — QJ
The system can be written in a compact form as:
(diag{eskm}@o diag{e®*"}®, ... diag{e®*™-1}P, —diagﬁ(sk)@1> x~H
(3.27)

where & collects the unknowns {c,; }, {d;} and H = (H(sy), H(s), ..., H(sk))T.
The LS solution of (3.27) provides the weighting function coefficients whose
zeros are the starting poles for the next iteration of the DVF procedure.
Once the poles have been stabilized a final LS fitting problem can be set up

in order to find the residues R,,;:

M-1 n

R,.;
Z <Rmo + J ) e 5kTm ~ H(sy,)
m=0 j=1 Sk — Dy

The same considerations of Section 3.2.2, concerning physical properties, can
be applied to the above presented DVF scheme, so that stability can be easily
enforced through pole flipping.

In conclusion, DVF algorithm is able to provided stable macromodels whose

order amounts to M times the model order of each rational term Q,,(s).
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3.3.2 Implementation

The DVF algorithm has been implemented in MATLAB®. The DVF iter-
ation is performed by the function DVF.m which has the same input-output
arguments of VF.m, with the addition of an input vector collecting the first
M arrival times of the injected signals.

In order to test this algorithm, a script GenerateData.m has been developed.
This script is based on the tools of MATLAB® RF Toolbox™ [29] and allows
the user to setup a generic connection of transmission lines with configurable
parameters such as PUL parameters and line length. If the lines are lossless,
the analytical delays 7., can be easily computed as stated in Section 2.3.
Once the 7, of each line segment are available it is possible to compute the
arrival times 7, for the entire structure. Let us consider a single line segment
with a lossless delay 7., from (3.22), (3.23) we know that 7, = 2m for Sy,
Soe and 7, = 2m + 1 for Sis, Sz1. When the network is composed by L
line segments, each one characterized by an analytical delays 7..;, the arrival

times can be computed as follows:

{Tm} = {25:1 20@‘7’00@‘} for S11, Sa2

{rm} = {Zz‘Lzl (20 + 1)Tooi} for Si2, Sa1

It is to be noted that for S;; and Sy not all the combinations are allowed:

for S11 oy > 0,1 <7< LOl’lly ifay >0

for Soy a; > 0,1<5< LOIlly ifay, >0

The script GenerateData.m provides a structure whose fields are the follow-

ing:

69



Delayed Vector Fitting

e The complex frequency samples {s;},k=1,..., K;

e The S-parameters samples Si1(sk), Si2(sk), So1(sk) and Sy (sg) for k =

1,...,K;

e The arrival times {7,,} for each S-parameter.

|

Load dataset 1

CUsers\andrea\DropboxiTesdDelayed Vector Fitting 3.1\S_parameters 1, mat

S-parameier Humber of samples Frequency resolution [Hz]

522 v S000 2000389.08

15,1

Plot options
Algorithm

X-axes ¥ -axes
Dedayed Vector Fiting

Linear v Linear i

Settings
Number of real starting poles  pumber of compiex starting poles Spacng

o 0 Linearly spaced et

10

]
L]
System Stabilty enformcement Humber of Rerations. Rl
Froper v Poles figging 3 2
Mode Minimum model order Step Target Error (48]
3
Custom v 4 2 . 1 2 3 4 5 [ 7 8 o
f[Hz] x10%
() Scale & columns () OR factorization

Figure 3.7: Settings GUI

A second script, main.m performs the modeling procedure. The various fit-
ting options are set up through a GUI (Figure 3.7). In addition to all the
properties discussed until now, the user can select the modeling procedure

(DVF or VF) and he can also choose between two the different modes of

operation:

e (Custom: The user sets manually the desired model order and a fixed

number of iterations.

o Automatic: the user sets the minimum number of poles and a target

RMS error, then the algorithm automatically finds the minimum model
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order that reaches the specific, progressively increasing the number of
poles with a configurable step, and performs a suitable number of ad-

ditional iterations until the RMS error settles within a fixed threshold.

The second functionality proves very useful when the user aims to compare
the performance of classical VF and DVF'. In the following, the main purpose
is, indeed, to compare the performance of DVF.m with vectfit3.m, the last
release of the VF algorithm available on the VF website [16], dealing with

structure for which propagative effects cannot be neglected.

Example

Figure 3.8: Circuit composed by a connection of two different transmission
line segments

T.line Cy[pF/m] Lo[pH/m] I[m] 7x[ns] Z[Q

1 44.7 0.249 ) 16.76 20
2 99.6 0.251 7 34.86 75

Table 3.1: Circuit parameters

Let us consider the circuit depicted in Figure 3.8: it is composed by the
cascade of two transmission lines with a capacitive discontinuity between
them. The values for the line parameters are reported in Table 3.14.

The scattering parameters have been generated with 5000 samples over a

bandwidth of 10GH z. Let us start from Si;: the automatic mode has
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Figure 3.11: Absolute Error for Si;
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DVF VF  DVF VF DVF VF DVF VF

S 24 674 —51.31 —43.54 —-43.12 —14.40 2 3
S 20 1038 —70.14 —-59.43 —63.12 —34.23 2 3
Sy 16 1600 —55.26 —30.55 —49.98 —15.54 2 3

DVF  VF
0.51  4.69
049  9.99
0.45 34.42

Table 3.2: Comparison of DVF and VF algorithm results
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been selected with a target error of —40dB. The results are shown in Fig-
ure 3.9, 3.10, 3.11. For the sake of clarity, magnitude and phase of Sy, are
only displayed in the bandwidth [5,5.5] GHz but similar results can be ob-
served for the rest of the frequency range.

The DVF algorithm makes use of M = 4 delay terms {7,,} and each term
of (3.25) is fitted using 6 poles: the overall model order is so n = 24. Only
N; = 2 iterations have been sufficient for convergence and the resulting sim-
ulation time has been 1.02s. The VF algorithm is able to exceed the target
error only using a model order n = 674. Convergence has occurred after
N; = 3 iterations, with a consequent simulation time of 14.08s. The VF
model is also less accurate than the DVF one, and presents a very high max-
imum error.

The same comparison has been made for S1o and Ssy (results are summerized
in Table 3.2) and in both cases DVF models show much lower order, grater

accuracy, earlier convergence and lower simulation times.

3.3.3 Delay Estimation

In many practical applications, the arrival times cannot be analytically com-
puted. This is the case, for example, when we cannot rely on any information
about the line under modeling. This circumstance may happen because, very
often, companies have interest in not disclosing details about their products.
When only frequency response samples H (sg) are available over a well de-
termined set of frequencies {s;} over a bandwidth of interest [0, fnq:], it is
necessary to estimate the arrival times that will be used in the DVF scheme.
As explained, the DVF algorithm must be accompanied by another algo-

rithm which processes the frequency samples in order to obtain the {7}

4The per-unith length resistance and conductance are assumed to be equal to zero
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terms of (3.25).

Background

Several approaches have been followed in literature. In [30] the problem
is tackled considering frequency dependent transmission line models. It is

shown that the propagation function H can be written as [31, 32

H = Hpn(s)e™™ = (an B, ) e™sT (3.28)
=15 Pj

where H,,;,($) is @ minimum phase-shift function, i.e. a function with both
poles and zeros in the left half plane, and it includes attenuation and dis-
persion effects. Multiplying both members of (3.28) for e*” we obtain the
delay-less propagation function, which is more suited to be fitted with VF
algorithm.

Let us assume that 7 is the true delay of the line, i.e. the delay corresponding
to the minimum RMS error. The paper shows how choosing the lossless time
delay 7, provides an RMS error higher than its minimum value (as a func-
tion of time delay). Choosing a time delay 7., which is quite larger than
the lossless one gives an RMS error much larger than the minimum value,
if the VF procedure is performed enforcing the stability. When the delay
is overcompensated the minimum phase part of the propagation function is
multiplied for a term e ™7 = ¢ 7“T where T = 7 — T,per < 0, which lets the
propagation function to be non causal, thus requiring unstable poles to be
fitted.

In the lights of the above, the time delay should be subject to optimiza-
tion. The best suited optimization algorithm for this purpose is the Brent’s

method [33], which is implemented in MATLAB®’s routine fminbnd, a one-
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dimensional minimizer that finds a minimum for a problem specified by:
min flz) with z; <z <

where z, x1, x5 are finite scalars and f(z) is also a scalar function. In [30]
the lossless time delay is assumed as the lower bound while the upper bound
is chosen by picking a time delay producing a zero phase angle at some high
frequency point.

This procedure can be applied to estimate a single propagation delay from
frequency data. When we are dealing with more complex structures multiple
arrival times must be embedded in the model and more general procedures
are required. In [34] an algorithm is presented which direct processes the
inverse FFT of H(sj). The main idea is based on the fact that the impulse
response, from (3.25), h(t) = L7! [H(s)] can be written as:

h(t) = z_:l Gm(t — Tim)

the signal h(t) will be so characterized by singularities localized at 7,,. So
a windowed IFFT is performed on the frequency samples H(s;,) in order to
obtain the time samples lvz(tk) These are processed to localize the points
where the signal is less regular.

A different approache is based on time-frequency decomposition techniques,
such as short-time Fourier transforms [14, 35].

Let us consider a generic scalar transfer function H(f), as a function of

frequency. The short-time Fourier transform of H(f) is defined as:

STFTu(f 1) = [ : _ [ g
alf )= [ HEOW (= [ T HAW(E = )
(3.29)
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where W (f) is a suitable window normalized such that ||W ||y = 1. If W(f)
is a Gaussian window the short-time Fourier transform is often denoted as
Gabor Transform.

From the short-time Fourier transform we can define the energy:

+oo NI
E(r) = /_ STFTu(f 7)[ df
This quantity presents local maxima corresponding to time delays 7,4z, . If

we denote with 7,,,, the minima between each pair of maxima, we can derive

a set strips in the time-frequency plane such as:

!

Fo={(f

,T) 5 T € (Toming» Tmingsa ) Vfl}

Since it is possible to reconstruct the signal H(f) through the inversion

formula:

+o0o +oo

H(f) = / STETu(f , PYW(f — f)e=92 7 7qf dr (3.30)

—0o0 —00

The original signal H(f) can be splitted into separate components Hy(f),

corresponding to separate arrival times, such as:
+00 TRt , N o f/ ,
H(f) =/ / STETy(f ,7)W(f — f)e > Tdf dr
—0o0 Tk

The superposition of all partial components leads to the perfect reconstruc-
tion of H(f).
Once the H(f) components are available, separate optimization procedures

can be performed in order to compute the arrival times.
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3.3.4 An Algorithm for Delay Estimation

In the context of this work, a new delay estimation algorithm has been im-
plemented in MATLAB®. It is based on the ideas presented in [30, 14, 35].
All the derivation presented so far are based on continuous mathematics and
an infinite domains, hence some discretization and truncation must be per-
formed in order to apply the algorithm to sampled responses.

Let us consider the discrete frequency signal H[k], k = 0,...,K — 1 and a
frequency limited windows Win], n =0,..., N —1. We can define the signal
frame:

Hin] =Win|Hn+I1L], 0<n<N-1

where [ = 0,...,(K — N — 1)/L is the frame index and L is the hop size,
i.e. the spacing in samples between consecutive applications of the sliding
extraction window; the index n is a local time index, i.e., an index relative

to the start of the sliding window. Equation (3.29) becomes:

N-1
STFT[l,i] = Y. Wn]H[n + L]~ = IDFT{H[n]}
n=0
where ¢ = 0,..., N — 1 is the time index. The resulting frequency resolution
is L%f’ while the time resolution is equal to + flfn —.
Equation (3.30) can be rewritten as:
+oo +oo ’ - / ’ ’
H(f) = / STFTu(f ,7)e > "de W (f — f)df (3.31)

SWith frae = %, where f, is the sampling frequency
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The middle integral can be identified with the Fourier transform of STFTy(f', ),

leading to the discrete equivalent:
DFT{STFTI[l,i]} = Wn|H[n + [L]

In order to simplify the upcoming formulations we introduce the substitution

k =n-+1[L. Then:
DFT{STFTIl,i]} = W[k —IL|H[k] with IL<k<IL+N -1

Equation (3.31) becomes:

K-—N—-1

H(k) = E DFT{STFT[,i}W[k — L] =

K-—N-1
L

=H[k Y W?k—-IL] with IL<k<IL+N-1

=0

Now we can perform again the above introduced change of variables so that:

H(k) = () Y S

In order to get perfect reconstruction we must enforce:

W

N-1
21

The STFT and the inverse STFT are not available in MATLAB®, so two
functions STFT.m and iSTFT.m have been created.

The first one takes as inputs the frequency samples H k], the window W |n|
and the hop-size L and computes as an output the short-time Fourier trans-

form STFTI[l,i]; from the last one it is easy to compute the spectrogram as
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|STFTIl,4]|*>. This quantity is a matrix of real, positive values and can be
interpreted as an bitmap image where each value corresponds to a pixel, so
it can be displayed with the MATLAB® function imagesc.m. This image
presents well defined strips around the different arrival times. These can be
better highlighted if we apply a configurable power law transformation fol-
lowed by a contrast stretch [36]. The benefit of this transformation is that
the contrast for the low-valued pixels is increased.

The energy £[i] is obtained via the trapezoidal numerical integration through
the MATLAB® function trapz.m. This quantity must be processed in order

to obtain the local maxima 777**, which will be exploited as initial guesses

for the delays, and the local minima 7" between two consecutive maxima.
The first can be found through the MATLAB® function findpeaks.m. The

local maxima time instants 777" can be obtained multiplying the provided

m
indices {i’**} by the time resolution. Since not all the local maxima can
be identified as singularities for £[i], a selection is mandatory. The function
findpeaks.m allows to specify some peaks constraints as the minimum peak
height (M PH) and the minimum peak distance (M PD). A good choice,

based on experience, for this parameters has turned out:

MPH = amax{&[i]} with a=10"*

MPD =5

TMan

Once the local maxima are available, the local minima indices 4].*" can be

computed as:

argmin{&[i|} with % <i <%

or, alternatively, they can be chosen as the median point between ;' and

smax
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When all these indices are available it is possible to split the STFT[l, 1]
matrix in the separate contributions ST F'T,,[l, ] corresponding to the differ-
ent arrival times. The inverse short-time Fourier transform can be applied to
each contribution through iSTFT.m, which takes as inputs ST FT,,[l, ], Wn|
and L. The frequency sampled function H[k] is so splitted into the terms
H,,[k].

At this point an optimization procedure must be performed on each H,,[k]
term to derive the arrival times 7,,, as in [30]. However we need the lower
and upper bounds of the interval in which the arrival times have to be found.
As explained, a first estimate of them may be the set 77"**. The lower and

m

upper bounds can be derived processing again the energy £[i]:

e The lower bound [b,,, corresponding to 7,'** is the last index ¢ such that

imez < i < jmar . £ < BE[ima*] and E[i] < E[i + 1];

e The upper bound ub,, corresponding to 77'** is the first index 4 such

m

that im9% < i < ime® . €[i] < BE[IM] and E[i — 1] > Ei].

A suitable value of 5 can be 1072, The above described algorithm is embed-

ded in a GUI, shown in Figure 3.12. The user can set:

e Window type:

1 n 2
— Gaussian: Wn] = 6_2(a1 (N — 1>/2) with a; = 2.5;
— Hanning: Win| = ; (1 — cos (271';));
— Hamming: W[n] = 0.54 — 0.46 cos (%Z)
e Window size;
e o and [ coefficients;
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Figure 3.12: Graphical User Interface for arrival times estimation
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e Optimization function:

— fminbnd.m;

— fminsearchbnd.m: it is a modification of the MATLAB®standard
function fminsearch.m, which finds minimum of constrained mul-

tivariable function using derivative-free method [37];

— globalsearch.m: it is a routine which finds the global minimum
generating a number of starting points, then using a local solver to

find the optima in the basins of attraction of the starting points;

— Initial guesses: no optimization is performed and the initial guesses

are assumed as arrival times.

e Termination tolerance on the argument 7, (for more details about ter-

mination and stopping criteria see MATLAB® documentation).

Example 1

Let us consider again the example considered in Section 3.3.2. We now try
to model the same line with the estimated arrival times instead of the ana-
lycally computed ones.

In Table 3.3 the estimated and analitycal arrival times are compared. Al-

though they look very close to each other, if we try to derive a macromodel

Analitycal Arrival Time [ns] Estimated Arrival Time [ns] Initial Guess [ns]

0 0 0
33.525 33.523 33.43
67.05 67.015 66.98
100.57 100.536 100.47

Table 3.3: Comparison between estimated arrival times and analytical ar-
rival times for Si;
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with the same number of terms and the same number of poles per term used
in the ideal case (see Table 3.2), we get a M AX,,, > —40dB. However, a
possible way to derive a compact low-order model is to use a greater number
of terms 7,,,. This can be accomplished tuning the parameter ;. If 6 arrival
times are taken into account it is possible to obtain an RMS,,, = —54.82dB
and a MAX,,, = —41.88dB using 4 poles for each delay term, leading to a
total model order n = 24. We have so obtained, basically, the same result
obtained in the ideal case.

The same considerations hold true also for S5 and Ss,.

It is important to stress the crucial importance of the delay estimation pro-
cess in the macromodeling flow of structures with delays, since even small
relative errors on the delays can cause dramatically large errors on the final
model. If we apply the DVF scheme with the same settings than before but
using as arrival times the first estimates (reported in Table 3.3) the RM S,
decreases to —37.01dB and the M AX,,, to —24.23dB. Unfortunately it is
not possible to recover from this error, if not growing the model order up to
72 poles (12 poles per delay). In this condition the M AX,,, is greater than

—40dB and the resulting model is sufficiently accurate.

Example2

S-parameter M nror RMS,,.|[dB] MAX.,, |dB]

S11 6 48 —54.24 —41
Si2 6 24 —50.37 —41.08
Sao 6 36 —53.67 —41.7
Saa 6 36 —49.95 —40.22
Sa1 6 36 —953.25 —42.23
S 6 24 —53.9 —44.41

Table 3.4: Results for some of the S-Parameters of the structure
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v

In this example the frequency data samples H(sy) are represented by
measured data of a 12-ports structure, with K = 4000 samples over a fre-
quency range [1 Hz,40 GHz]. The data are provided by the University of
Gent and any other information cannot be disclosed.

Results for some of the S-parameters are summarized in Table 3.4: the num-
ber of delays is constant but the model order varies in order to guarantee a
MAX,,, < —40dB. The same data have been fitted, with the same model
order, also with classical VF resulting in a much higher M AX,,,, which never

exceeds the threshold of —40dB.

Example3

S e e R

Figure 3.13: Schematic of the non uniform multiconductor transmission
line with 8 ports

In this example we perform the arrival times estimation followed by DVF
scheme on the S-parameters of the structure depicted in Figure 3.13: it is
a lossless, 8-ports structure consisting of non-uniform microstrips on a FR-4
substrate. The frequency data have been provided by the University of Gent
and are obtained via simulation in ADS® (Advanced Design System), with
5000 samples on a frequency range of [1 kHz,40 GH z].

Results are summarized in Table 3.5: the resulting macromodels are very
compact and it is always possible to manage the model order such that the

MAX.,,, < —40dB, without increasing it too much. On the contrary, if we
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try to derive macromodels with classical VF with the same model orders

reported in Table 3.5 the M AX,,, is always grater than —20dB.

S-parameter M nror RMS,.. [dB] MAX., |dB]

Sao 3 30 —64.24 —49.2
Si2 3 30 —55.06 —51.63
Sie 2 16 —53.69 —41.97
Sis 2 16 —56.25 —43.92
Sis 3 24 —56.02 —48.51
Ss7 2 16 —56.9 —44.99

Table 3.5: Results with some of the S-parameters of the structure
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Chapter 4

Parameterized Macromodeling

of Structures with Propagation

4.1 Introduction

With the background of Chapter 2 and Chapter 3 we know that the best
way to derive the macromodel of structures in which propagation effects
are predominant is approximating the tabulated frequency data H(sg), k =

1,..., K such as:

M-1 M—-1 n R.
H(sp) = Y Qmlsp)e ™™ = > | Ry +y_ —2"— | e7*Tm  (4.1)
m=0 m=0 j=1 Sk —Pj
where p;, Rom, R;m are, respectively, the poles and residues (corresponding
to the mth delay) of the partial fraction representation of @,,,(s) terms and 7,
are the arrival times of the structure. These parameters are the unknowns
of the fitting problem on which the macromodeling procedure is based so
they characterize the system under modeling. We have seen that a delay

estimation algorithm provides the 7, terms while the Delayed Vector Fitting
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completes the job, finding the poles and residues for the partial fraction rep-
resented terms.

We now make a step forward: we do not consider structures with fixed pa-
rameters anymore (PUL matrices, geometrical parameters and substrate fea-
tures) but structures in which one, or more, of these may vary within a
certain range, defining a design space. In other words, the transfer function
of these systems does not depend on complex frequency s only, but also on
several design variables which are real valued quantities and can be collected

in a vector & € RE. The problem (4.1) modifies as:
M-1
H(sp;x) ~ Z Qm(sk;az)e’sﬂm(w) =
m=0

_ Mz <ROm<a:> 'y W) ey

j=15k — pj(x)

The unknowns of the fitting are now continuous function of the design param-
eters and this dependence must be embedded in the resulting macromodels,
which will be parameterized.

The main idea in this case is to discretize the sets of possible values for the
parameters collected in x, leading so to the definition of a grid corresponding
to all the combinations of the parameters values, which will be denoted as
estimation grid. In each point of the estimation grid we are able to derive
the macromodels as described in the above, if tabulated data are available.
These are denoted as the roots macromodels since in each point of the design
space a new macromodel can be computed via interpolation. In order to
perform some accuracy measurements on the interpolated models we must
have the tabulated data in some points different than the estimation grid
points. Typically, a validation grid is defined picking the furthest point from

the closest set of estimation grid points; for example, if we consider a two
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Figure 4.1: Estimation and Validation grids for a general two parameter
design space

parameters, rectangular grid (see Figure 4.1) we can identify rectangular cells
whose vertices are estimation grid points: the furthest point from each vertex
is the point of intersection of the two diagonals of the rectangle.

Some difficulties may arise in this process. First of all, when any delay esti-
mation algorithm is applied, it is not guaranteed that the number of found
Tm terms is the same in each point of the estimation grid. This problem is not
only related to the sensitivity of the algorithm in catching the singularities
of the spactrogram or the impulse response, but most on the fact that, since
the delays depend on the structure parameters, their order and their energy
can be different moving from an estimation grid point to another. This cir-
cumstance may even cause a so called shadowing effect: if two delays are
closer than the time resolution of the delay estimation algorithm we cannot

detect both of them, in any way. Summarizing, the interpolation of 7,,, terms
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A e AN
N N
AN A

Figure 4.2: A simple scheme showing the delays shadowing effect

is quite a big issue, since the number of detected delays may be different and,
even if it is not, we are not guaranteed that the found delays are related to
same terms, because shadowing effects can occur.

In [38] an heuristic algorithm, developed in MATLAB® | performing a post-
processing of the estimated delays is presented. It is based on two strong

hypothesis:

e the delay trends' are linear in the range of interest; if this condition
is verified it is, in principle, possible to identify several linear trends,

each one corresponding to the different 7,, terms.

e three delays per each trend are assumed to be real delays, so they are
assumed as reference for the delay trends and they are called guide

delays.

The other found arrival times can be so clustered referring on the proximity
to the trends. If delays shadowing happens some artificial delays are created,
always basing on the trends, in order to ensure that the number of delays
is the same for each point of the estimation grid. Before proceeding to the

interpolation, the delay trends are all linearized through linear regression,

Lwith delay trend we denote the evolution of a single term 7,, along the estimation grid
points
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according to the above presented hypothesis.
In what follows the delays issue will not be tackled and the terms 7,,,(x) will

not be considered as unknowns of the problem.

4.2 Interpolation of Poles and Residues

From now on we focus only on the macromodel rational parts. Starting

from (4.2) we can consider a generic rational term:

. Rm(m)
Qm(s,x) = Ropp(x) + Y —I"2
RS
For the sake of simplicity, a 1-D design space is considered (the extension to
the multidimensional case is straightforward) and the subscript m is omit-
ted. The estimation grid consists of a set P values of the single parameter
{z,}, 0,..., P — 1. The rational terms of the root macromodels can be ex-

pressed as:

H(sg,xp) = Ro(z,) + Y k=0,...,K—1 (4.3)
In order to derive a parametric macromodel it is necessary now to perform
interpolation of poles p;(x,), residues Rj,(z,) and constant terms Ry, (z,).
Since it is assumed that the number of delays is the same in each point of the
design space, also the number of rational terms is the same. Interpolation
must then be performed on rational terms corresponding to the same delay

terms.
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4.2.1 Background

A huge amount of techniques have been proposed in literature for parametric
macromodeling based on pure rational models (VF based, instead of DVF).
A first issue concerns the sensitivity of the system poles to variations of the
design parameters. It is, in fact, well known, from systems theory, that bi-
furcation effects may occur, even if small variations of the design parameters
are taken into account [39]. Since they can be characterized by a highly
non-smooth behavior, it is very difficult to achieve a reasonable accuracy of
the parameterized macromodels built by direct interpolation of the poles.

In [40] it presented a strategy for the construction of parameterized lin-
ear macromodels from tabulated port responses which aims to overcome this
problem performing an indirect interpolation of the poles. The transfer func-

tion can be rewritten in this form:

_ 2onp Fip 05(5)¢(2)
Zonp Fip 03 (s)1p()

H(s;x) (4.4)

where ¢;(s) are the are frequency-dependent, rational basis functions:

1 forj =0
9;(s) = 1

S—(Ij

forj=1,...,n

while 9, (x) are the parameter dependent basis functions:

r — Tp-1
P _
——— T E[rp,7p), p=2,...,P
Tp — Tp—1

Pplx) = T 7T [Tp, Tpra], p=1,...,P—1 (4.5)
Tp+1 — Tp

0 otherwise
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It is to be noted that, when z is equal to an estimation grid point ¢, (z) = 1.
The main objective is the computation of coefficients Fj,, f;, starting from
the root macromodels computed by means of Vector Fitting and available in

the form (4.3). It is proved that:

can be written in the barycentric form:

_ Zmp Fyp ¢j(5)

) = o)

letting:

n

ij (pj" - aj') = —fo H (pj” - aj’) (4-7)

j=1 j/ j// jl7ﬁj”
Fy = fiH(a;) (4.8)
F() - foéo (49)

Solution of (4.7) provides the coefficients {f;} (with f, fixed at will) and
equations (4.8), (4.9) provides coefficients {F;} and interpolation is per-
formed through (4.4). Unfortunately, this technique does not provide the
stability over the entire design space.

In [41, 42, 43] is presented a parametric macromodeling technique which pre-
serves stability and passivity, if the root macromodels are passive and stable.
The bivariate macromodel H(s;x) can be derived as:

P-1

H(s;z) =Y H(s;ap)dp(x)

p=0
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where 1, () is defined as in (4.5) and H(s;z,) are the root macromodels.
This technique consists of direct interpolation of the transfer functions: it
can be proved that, if positive interpolation operators are used, stability and
passivity are preserved.

This method is very robust but it may suffer of poor modeling power? and
the complexity in terms of model order may increase.

A solution to these problems may be given by state-space interpolation tech-
niques: these allows to parameterize both poles and residues, hence their
modeling power is very high while the model order is kept constant. How-
ever, an issue related to these class of techniques is the fact that they assume
that all the root macromodels have the same modeling order so that the ma-
trices can be interpolated. In addition, it is well known that the state-space
representation, given a set of rational models, is not unique.

In [44] is presented a technique based on the barycentric state-space represen-
tation. The barycentric form (4.6) can be derived as previously shown. From
that, it is possible to derive the corresponding state-space representation in
each estimation grid point:

A B A, — B,D;'C, B,D,

C D C, - D.,D;'C, D,Dj'

2with modeling power we refer to the ability of parametric macromodeling to generate
accurate models with as minimum estimation grid points as possible.
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where:

Al = A2 = dlag{an}
B, =B,=11,..,1]"

Cy =[P, F)]
Co=1[f1,. fu]
D, = F|
D; = fo

At this point passivity can be enforced via linear matrix inequality associ-
ated to the Positive Real Lemma and passivity on the bivariate model is
guaranteed applying interpolation on state-space matrices related to inter-
nally passive realizations.

There is another class of techniques which a sort of hybridization of the above
discussed methods [45]. The design space is divided into cells €2; using hyper-
rectangles (in case of regular grids) or simplices (in case of scattered grid).
For example, in a 1-D design space an elementary cell is a segment and in a
2-D design space it could be a triangle or a rectangle. Each vertex of a cell
Q; corresponds to a root macromodel f[(s; xf}i), g=1,...,Q.

At this point, two additional coefficients are introduced: an amplitude scal-
ing coefficient o and a frequency scaling coefficient 5. For each cell the sets
{og(a)}, {B(x)}, ¢ =1,...,Q are determined by means of optimization

such that:

g (oY H (B, (a3 )85 0) = H (s;23), h#q
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In other words, scaling coefficients are determined such that each cell vertex
is a good approximant of the other cell vertices. Once the set of scaling
coefficients is available, parametric macromodels H(s;x) can be derived in-
terpolating {ovg ()}, {Bq(xf)}, thus obtaining ag(x), By(x). The transfer

function can be easily computed as:
H(s;x) = ag(x)8, " (2)C(sI — ;' (z)A)"' B + a,(z)D

Finally it is proved that it is sufficient to satisfy:

to guarantee passivity over the entire design space.
Techniques based on amplitude and frequency coefficients perform the inter-
polation on the transfer functions models so they are characterized by a very

good robustness without loosing modeling capability.

4.2.2 Interpolation of Delay-Based Macromodels

In Chapter 3 the DVF scheme has been presented. We know that DVF is
able to provide stable but not necessarily passive macromodels. Since the
passivity constraint has not been taken into account, the main objective of
this section and, in general, of this work, is to present an interpolation tech-
nique for delay-based macromodels which guarantees stability over the entire
design space.

The technique is presented hypothesizing a 2-D design space, with two pa-

rameters z1, 2. It is also assumed that a set of Px(Q tabulated data are avail-
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able corresponding to the estimation grid points (z,,27), ¢ =1,...,Q, p =

1,..., P, spaced as in Figure 4.1. The design space is divided into rectangles

P

Q; and, for each vertex of a rectangle, tabulated data H (s; x},Q

a2), p =
D,p+ 1q=¢q,q+ 1 are available.

Let us consider a single cell®: the main idea is to fit each cell with a common
set of poles and then perform a linear interpolation between the residues.
This implies a modification of DVF scheme presented in 3.3.1.

A common pole relocation strategy can be applied solving iteratively this

overdetermined problem in LS sense:

LA 0 0 —® HP4(s) HP(5)
0 @t 0 0 — P, HP(s) | aPA(s)
0 0o @5t 0 — &, HP14(s) o HPIt1(s)
0 0 0 (1)123+1,§+1 _‘I)ljf]ﬁ+1,§+1(8) gﬁ+1,q+1(8)

Where @, is defined by 3.2.1 and:

n

T
5,d 5. 5+1,G+1 511G
:Bz(c’f’q e L e U AR AR TR dn>

P, = <<I>0 diag{e™*™} ... ®, diag{e‘STMl}>

The terms c?’q, d; are, respectively, the numerator and denominator residues
at iteration v*. The superscripts p, ¢ symbolize the dependence from (a:;, asg),
which is embedded in the delays.

Once the poles stabilize, residues can be computed independently or with a

3the superscript {2; will be omitted in order to get more compact formulations
4which is also omitted in the notation for the sake of simplicity
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unique overdetermined system:

o7 0 0 0 HPA(s)
0 @ 0 HPHL(s)
— — m % ~ o —
0 0  @hthe 0 HPAH(s)
1

0 0 0 @]3-%1,54-1 _Hﬁ+17(j+ (S)

where now ®, depends on the stabilized poles and:
T = (R{)”f .. RyORR .. RYL . RVA, RP*AT*J)

Where R?;Z are the residues and constant terms associated to the jth pole, the
mth delay and estimation grid point (x,, 7). Similarly to the non parametric
case, the computed residues can be reshaped building 4 matrices R(le,, xg)
withp=p,p+1and qg=¢q,q+ 1.
The root macromodels can be now determined in correspondence of the cell
vertices:
M-1 [ n R x17 72
H(s; zy,x0) = Y | Rom(zp, 22) + > = <_p ) e~ 5Tm(@p.a))
m=0 j=1 Sk Pj
The parameterized macromodel in a generic point (z', %) internal to the cell

can be computed by interpolating residues:
R(z',7%) =3 > (7)1 (3°) R(zy, 77)
p q

where () is defined by (4.5).
Since no interpolation is performed on the common poles, if stability is en-
forced during the pole relocation precess the parameterized macromodels are

guaranteed to be stable over the entire design space.
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This approach is similar to one adopted in [41, 42, 43], since poles interpola-
tion is avoided because of possible bifurcation effects. As discussed in Section
4.2.1, the drawback of these techniques is the reduced modeling power. Nev-
ertheless, it is to be noted that, in this case, we are not performing a direct
interpolation between transfer functions but the common poles are locally
computed taking into account each corner of the cells {2;. In addition, this
approach is even more justified by the consideration that a part of the vari-
ation of the transfer function is embedded in the delay terms.

The model order of the parameterized macromodels is equal the root macro-
models. However, an issue may be the number of root macromodels required
to cover the entire grid. If we refer to the 2-D design space depicted in Fig-
ure 4.1 each estimation grid point (with the exception of the most external
ones) is common to 4 cells. This means that, if the entire design space has to
be covered, we need to compute N,y = 4(P —1)(Q — 1) root macromodels.
In general, this number shows an exponential dependence on the number of

dimensions of the design space N:
N
Nroot = 2N H (JVPZ - 1)

=1

where Np, is the number of estimation grid points along the dimension 4.

4.3 Case Studies

4.3.1 Coaxial Cable

In MATLAB® it is possible define a coaxial transmission line object, thanks
to RF Toolbox™,

In Figure 4.3 a cross-section of the coaxial cable under test is depicted, while
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Outer Conductor

Dielectric

Parameter Nom. Value

Inner Conductor

l 1m
tan o 0.001
€R 2.3
Tin 0.5mm
Tout dmm

Figure 4.3: Cross-section of the Table 4.1: Nominal values of the
coaxial cable parameters

in Table 4.1 nominal values of the parameters are reported. The length [ is

=—©— DVF model =©— DVF model
.57 | |=#=Interpolated Model 4 -47.5F |=%= Interpolated Model

RMS _ [dB]

MAX _ [dB]
I
A0®
© (6]
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(a) RMS,,, in dB (b) MAX.,, in dB

Figure 4.4: Accuracy comparison between macromodels built by means of
DVF in each point of the validation grid and the parametric macromodels,
depending on | and built by means of interpolation

the length of the cable, tan ¢ is the loss tangent, g is the relative permittiv-
ity, 7.e. the ratio of the permittivity of the dielectric, ¢, to the permittivity
of free space, g, 7;, and r,,; are finally the rays of the inner and outer con-
ductor.

A script CoaxialData.m has been created in order to derive the S-parameters

data corresponding to different values of the parameters in Table 4.1. The
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Figure 4.5: Accuracy comparison between macromodels built by means of
DVF in each point of the validation grid and the parametric macromodels,
depending on g and built by means of interpolation

user can choose on which parameter the parametric analysis must be per-
formed, its nominal value, the range of interest, the number of samples.
Once the estimation is defined, the validation grid must be set up. In corre-
spondence to each point of the validation grid complex frequency dependent
macromodels are built, in order to compare, at a later stage, the accuracy of
multivariate macromodels.

A first bivariate macromodel is derived as a function of the line length H (s;1).
The analysis is performed over Si1(s; 1) in a frequency range [100 kHz, 10 GH z]
with 5000 samples, while the line length range is [0.9,1.1] m with 10 sam-
ples. In each cell €2; macromodels are built for each corner with a common
set of 10 poles (per each delay term) and stability is enforced by means of
pole flipping. In Figure 4.4 results are presented: the maximum RM S,,, and
MAX.,,, are respectively equal to —56.95dB and —47.22 dB, corresponding
to [ = 1.089m.

A second bivariate macromodel of Siy(s,eg) is derived as a function of the

relative permittivity eg of the dielectric. The frequency bandwidth is the
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same of the previous analysis (also the number of samples is the same), while
the eg range of interest is [2.185,2.485], discretized with 10 samples. Fig-
ure 4.4 shows results of parametric macromodeling: the maximum RM S,
and M AX.,, are respectively equal to —56.23 d B and —47.64 dB, correspond-
ing to eg = 2.198.

At this point it is interesting to perform a 2-D analysis where both [

-8
<107 [ 2-D Linear Regression

1.15 .| @ Estimated Time Delays

1.1 4

1.05

7, [l
()
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0.9 2 e
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225 - 0.95 '
2.2 '

€q 0.9 | [m]

Figure 4.6: 7y(ecg,1) behavior: the blue marks represent the second arrival
times estimated by the delay estimation algorithm in each point of the esti-
mation grid while the plane represents the 2-D linear regression performed
over the 2-D delays

and i vary over the previous ranges of interest, so that both the estimation
and validation grid becomes rectangular. In this case the delays are varying
along a plane. The delays post-processing algorithm performs a 2-D linear

regression (Figure 4.6). As expected the delays have a stronger dependence
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Figure 4.7: RMS.,, and M AX,,, distribution of multivariate macromodels
over the entire design space
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Figure 4.8: Magnitude and phase comparison plots between tabulated data
and inteprolated model in the bandwidth [4.5,5.5] GH z, in correspondence to
the validation grid point (2.198,1.089m) affected by the greatest M AX.,,
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on [, instead of €.

Results of 2-D analysis are presented in Figure 4.7 and Figure 4.8: the
maximum RMS,,, = —49.27dB corresponds to the validation grid point
er = 2.402, [ = 0.91m, while the maximum MAX,,, = —43.35dB corre-
sponds to the validation grid point eg = 2.198, [ = 1.089 m.

4.3.2 Coupled Microstrips

Dielectric

\

Figure 4.9: Three coupled microstrips on FR4 substrate

Parameter Nom. Value

[ 19.5em
s 350 um
|44 700 um
€R 4.6

Table 4.2: Nominal values of the parameters

In Figure 4.9 a transmission line composed of three coupled microstrips
is depicted. It is 6-port structure. Nominal values of the parameters are
reported in Table 4.2. The circuit has been designed in ADS and paramet-
ric analysis over the line length [ and the relative permittivity ez has been
performed. In particular an 81 x 81 rectangular estimation grid has been de-

fined, with both 9 samples for [ and g in the ranges of interest [190, 200] um
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and [4.14,5.06]. A rectangular validation grid 64 x 64 has been defined and

201,
-40

3 60 g
Py J—— 3
(7 I=190.0 um 0 -30 —1=190.0um
—1=192.5um - ——1=192.5um
-100 1=195.0um |=195.0 um
120 ——1=197.5um -40 ——1=197.5um
) ——1=200.0um ——1=200.0 um
140 | I | 50 | | | | | | I I I |
0 5 10 15 20 2 4 6 8 10 12 14 16 18 20
f[GHz] f [GHz]
(a) (b)

Figure 4.10: Evolution of |Si5(s)| and |Ss4(s)| for different values of I, with
er fized to the nomival value

tabulated data have been derived also for this set of points.

In each cell €; macromodels are built for each corner with a common set of
12 poles (per each delay term) and stability is enforced by means of pole flip-
ping. Results are shown in Figure 4.11, 4.12: the M AX,,, exceeds —40dB

42 515 42 -41
-52 -42
4.4 525 4.4 -43
-53 -44
o 46 535 o 46 5
54 -46
438 515 48 -
] -55 . 48
555
90 192 194 196 198 200 90 192 194 196 198 200

1 1
Im] I[m]

(a) RMS,,, in dB (b) MAX.,, in dB

Figure 4.11: Si5(s) - RMS,,, and MAX,,, distribution of multivariate
macromodels over the entire design space

in each validation grid point. In both cases the RMS,,, increases with in-
creasing eg. Referring to Si4(s), the worst case for MAX,,, is 41.1dB, in
correspondence to the point (5.006, 190.6 um).
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Figure 4.12: Ssy(s) - RMS,,, and MAX,,, distribution of multivariate
macromodels over the entire design space
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Figure 4.13: S3(s) - Magnitude and phase comparison plots between tab-
ulated data and inteprolated model, in correspondence to the validation grid
point (5.006,190.6 um) affected by the greatest M AX.,,
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The model order amounts to 24 for Si5(s), since two delays are found along
the entire design space, while for S34(s) it amounts to only 12 since only one

delay is detected over the entire design space.

4.3.3 Failure mechanisms

The interpolation algorithm discussed in Section 4.2 has been tested on a
larger number of case studies, besides the above discussed ones.

A script GenerateData.m has been configured in order to set up circuits
composed by the series connection of transmission line segments with a shunt
discontinuity (a resistor or a capacitor) between them. In this way it is easy
to configure 2D design spaces, letting vary the lengths of the line segments or
the PUL parameters, or the values of the shunt resistance and capacitance.
All the performed tests have highlighted some issues. First of all, the linear
interpolation of the residues works fine when these ones vary linearly along
the corner of a cell €;. In general this assumption is very likely to be true
when the varying parameters are the line lengths. In these cases, in fact,
the great part of modification of the transfer function variation affects the
delays.

When the varying parameter is the relative permittivity €z the delays do
not exhibit much variation, while the residues are more sensitive (along the
corners). The consequence is that a denser grid is required, for the same
variation, or equivalently, a lower variation, for the same estimation grid.
In Section 4.1 we discussed about the possibility of interleaving between the
delays. Several tests of the interpolation algorithm have been highlighted
that, when there are groups of delays which are very close to each other, linear
interpolation of residues produces very inaccurate macromodels, compared

with the ones built by means of Delayed Vector Fitting with the same set of
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delays. This topic will be discussed in detail in the next section.

4.3.4 Interconnected Transmission Lines

Zo, Zo, Zo,
o :ci:c —(CD—o

1pF

CCCTCCCCOO

Figure 4.14: Series connection between three transmission lines, with a
shunt capacitance Cypynt

Segment Zy[Q] R[Q/m]| G[S/m] [m)]

1 75 10 0 0.9
2 75 10 0 1.4
3 50 10 0 1.2

Table 4.3: Nominal values for circuit parameters

The case study is the circuit depicted in Figure 4.14. A 2D design space
has been set up letting vary 1 between [0.855,0.915] m with 3 samples and
Iy between [1.288,1.512] m with 8 samples. A 2 x 7 validation grid is defined
and Delayed Vector Fitting is previously applied for Sj5(s) in correspondence
of the validation grid points, with a model order of 12 poles per delay, en-
forcing stability by means of pole flipping. The maximum error of the DVF
models amounts to —43.58 dB.

Let us perform the interpolation procedure, in order to derive the paramet-
ric macromodels in each point of the validation grid. Results are shown in
Figure 4.15 and highlight an even positive error, expressed in dB, in corre-

spondence to the cells associated with points (1, 1), (1,2), (1,3), (2,1), (2,2),
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Figure 4.15: Si5(s) - MAX,,. and dgr distribution of multivariate macro-
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(2,3), (2,4) of the validation grid. In all the other points the multivariate
macromodels are sufficiently accurate, since the M AX,,, is always greater
than —40 dB. The huge errors imply a complete failure of parametric macro-
modeling and in particular of residues linear interpolation.

The output of the delay post-processing algorithm looks fine since 9 delay
trends have been detected and they are all linear. In Figure 4.16a the 1D
trends are depicted: an interleaving effect is present for 75 and 7. The 2D
view of these two trends is depicted in Figure 4.16b. Looking Figure 4.15,
4.16 it becomes apparent that interpolation fails when these delays are closer,
within a certain threshold.

In order to deeper analyze the problem, let us look the behavior of residues

in the complex plane for different cells. In Figure 4.17 residues location in

2%108 p=2,q9=7 47><1015 p=19g=1
o
(] o 3
151 8 3 o
i ° ° 2t
05 % 1 °
o o
E 0 o 0 8 o
051 o At o]
al 0o 2l
(e} le) o
)
1.5} 5 -3
(®)
2 . : : ‘ -4 : : : : : : !
2 1 0 1 2 3 4 05 0 05 1 15 2 25
Re(s) x108 Re(s) x10'6
(a) Low error (b) High error

Figure 4.17: Residues location in the complex plane (different colors corre-
spond to different corner of the cells)

the complex plane is depicted comparing a case in which parametric macro-
modeling is effective (cell correspinding to validation grid point (2,7)) and

another one in which it is not (cell correspinding to validation grid point

(1,1)).

Figure 4.17b shows that, in case of interleaving, the residues are much more
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sensitive to parameters variations since they may differ by several order of
magnitudes. If collect, for a given elementary cell and a specific corner, all
the residues in a matrix R% (p, q¢) we are able to define a “distance” measure

as:

This quantity represents the maximum Frobenius norm computed on all the
possible differences between each residues matrix corresponding to each cor-
ner of an elementary cell. Then, we obtain a measure for each elementary
cell. From Figure 4.15b we can observe that the error behavior reproduces
the dr behavior.

In conclusion, when there are delays that are too close to each other, para-
metric macromodeling with the technique presented in 4.2.2 is not possible.
This problem can be solved, in principle, if we could keep only one of the
interleaving delays and this is, indeed, the case. In fact, when two or more
delays are close to each other the system under modeling can be efficiently
described by only one delay. The delay post-processing algorithm provides
as output argument, in addition to the delays, the energy associated to each
delay of the grid, in the form of multidimensional array®. This allows to
perform a pre-processing algorithm aiming to identify interleaving scenarios.
Let us define as distance between a pair of delays 7;, 7,11, the non-negative,

dimensionless quantity:

_ |Ti+1 — T
Ti

d;

A distance multidimensional array d representing the distance associated to

each delay can be derived in order to detect the pairs of interleaving delays,

5for a 2D design space it is a P x Q x M array
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Figure 4.18: Sis(s) - RMS,,, and MAX,,, distribution of multivariate
macromodels over the entire design space, when delays are pre-processed
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which can be found verifying the condition:

d(p,q,m) < th with th <0.3

The value for th has been determined on the based of all the possible test
which have been performed. The interpolation scheme is local so, once the
information about the delays nearness is available, it is possible to know if
the problem comes up for at least one of the cell vertex. In this case one or
more delays, associated with the lowest energy, must be removed (also for
the other corners) when macromodels are built. Since some of the provided
delays may be artificial, their associated energy is assumed to be zero. In
this way, artificial delays are automatically neglected in this process.

In Figure 4.18 results are depicted, when delays pre-processing is performed.
In this case the accuracy of parametric macromodels keeps lower than —40 d B,

so that they are sufficiently accurate.

4.4 Conclusions

In this Master’s thesis the work was focused towards parametric delay-based
macromodeling of propagating structures.

First, an efficient macromodeling approach for these particular systems has
been defined, based on existing techniques. It foresees a black-box estimation
of the delays of the structures and the approximation of the smooth part of
the transfer function terms with a rational function. The performed analyses
have highlighted that the delay estimation is crucial in this modeling pro-
cedure since even small errors on the delays cause the identification of very
inaccurate macromodels.

Building a parametric delay-based macromodel implies the independent in-
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terpolation of the delays of the structures and the smooth terms. In the
contest of this work the problem of delay estimation and optimal processing
over the entire design space is treated according to the results of [38].

A novel interpolation technique for the smooth terms of delayed-based macro-
models is introduced. According to this technique, the design space is divided
into elementary cells. If the delay-based macromodel of the system under
modeling needs to be computed in a specific design space point, the ele-
mentary cell which contains that point is to be found. Then, non-parametric
macromodels, which are called root macromodels, are built in correspondence
of each corner of the cell, identifying a common set of poles and independent
sets of residues. The parametric macromodel is computed using the same set
of poles and linearly interpolating the root macromodels residues.

The technique is easy to be implemented and automatized and stability can
be easily enforced by means of pole flipping. It is reliable because a direct
interpolation of the identified poles is avoided, so that bifurcation effects do
not affect the accuracy of interpolated models. On the other side the effi-
ciency of the technique is limited by the dimensionality of the problem, like
any other parametric macromodeling method.

A very important failure mechanism of the smooth terms interpolation tech-
nique, connected to delay trends nearness, has been highlighted. An expla-
nation of the problem has been detailed and a solution has been proposed.
It is effective and can be easily embedded in the interpolation process.
Since this Master’s thesis and [38] constitute the first contributions in the
field of parametric macromodeling of long interconnects, several steps for-
ward can be done in future research. First of all, the presented techniques
and all the related issues can be further analyzed in order to improve their

efficiency and robustness. It is worth noting the passivity property has not
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been an issue in this work, despite it is the most important physical property
for a macromodel to satisfy. The definition of parametric macromodeling
technique which embeds passivity enforcement would be very useful because
it opens the way for directly passive synthesis which, in turn, guarantees

stable time-domain simulations.
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Short-Time Fourier Transform

A.1 Time-Frequency Atoms

The Fourier transform of a signal x(¢), defined as:

FTle(n) = X () = [ T (eI gy

— 00

is a powerful tool for stationary signals analysis. However, if the signal z(t)
presents well localized time effects (transients) these cannot be detected by
the Fourier transform, since they tend to disperse over large regions of the
frequency domain. This is because it correlates z(t) with a family of complex
exponentials, which are characterized by a perfect frequency localization and
an infinite time duration.

In general, a linear time-frequency transform correlates the signal with a
family of waveforms with a well defined time duration and bandwidth. These
waveforms are called time-frequency atoms, {¢¢,}.

We suppose that ¢y € L*(R) and [|¢s,|| = 1. The corresponding time-
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frequency transform of z(¢) € L*(R) is defined by:

Tt = [ al0)os." dt = (2(6), 05,)

At this point we define the temporal variance and the frequency variance as:

oo

(A, = [ =m0 de (A1)

“+oo
o

A% = [ (= MRl df (A2)
with:

+oo 9
mpe = | thos(0) dt

MfT = /;Oof‘cbf‘r(f)’Q df

Equations (A.1), (A.2) provide a dispersion measure of the energy distribu-
tion of ¢, (t) and @ (f).

A.2 Short-Time Fourier Transform

The short-time Fourier transform is a particular linear time-frequency trans-

form, defined as:

STFT(a(t) = STFTIf, 7| = [ T BB (= T)e I gy

—00

This is equivalent to consider time-frequency atoms of the kind:

G- (t) = gr.(t) = g(t — 7)e?*™ !
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which represent modulated and translated versions of the elementary win-
dow ¢(t). In general, the most useful elementary windows do not introduce
"artificial” discontinuities, like gaussian windows (in this case we refer the
transform is called Gabor transform), or Hanning, Hamming windows. Let

us consider a generic time-frequency atom, centered in 7 = tg, f = fo. We

obtain:
—+oc0 —+oc0o
(At)F,, = / (t —t0)2g*(t —to) dt = / g% (1) dr = (At)?
Similarly:

(Af)f, = (AS)?

With the short-time Fourier transform the time-frequency atoms have all the
same temporal and frequency variance.

The following theorem provides a reconstruction formula for the signal x(t)

Theorem 6. If z € L*(R) then:

z(t) = / / STFT[x(t)] g(t — 7)e?*™* at df (A.3)

—0o0 —00
Proof. We start observing that:
+oo

STFT[a(t)] = 9277 / 2(t)g(t — )2 T g —

—00

= eI (a(r) * g(r)e?T) =

= (a(r)e ) 5 g(r)
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So, if we apply Fourier transform with respect to 7:
FT{STFT[z(t)]} = X(f + f)G([)
Considering;:
FT{g(t =)} = FT{g(r — 1)} = G(f )e """

we can apply the Parseval theorem to (A.3):
“+00 +00

/ / STFT[x(t)] g(t — T)ej%ft dt df =

+00 400
= [ [ XU+ piaper g ap

—00 —0O0

since X € L'(R) we can apply Fubini theorem and reverse the integration

order:

+o00 +o0
JIGUOE [ XU+ e 0tap af' = a(e)

Since:
+00 ,
[ XU+ e 0 = w(o)
A -
JALEE Rl

]

In conclusion, with the short-time Fourier transform we are able to lo-
calize both the temporal and the frequency content of a generic signal. On

the other hand, we cannot tell two pure sinusoidal tones whose distance is
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less than Af. A good time-frequency transform should have the maximum
time and frequency resolution. However, it is well known that the product

of these quantities is lower-limited:

Heisenberg Indetermination Principle. The temporal variance and the

frequency variance of z(t) € L?(R) satisfy:

1
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