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Abstract

Simulations are one of the most powerful tools that an engineer or a researcher
has for the study of real-world systems. Nowadays, there is a Computer-
Aided Design (CAD) software able to help designers in order to improve their
productivity in every field. In particular, for the electrical and electronic sys-
tems is always required a prediction of the behaviour of the components and
their parasitic effects: if they are predicted inaccurately, unexpected switch-
ing and logic glitches may occur, causing malfunctions and also the failure of
the final product. However, in order to describe and model them in full de-
tails starting from their first principles, the processing time and the memory
requirement for a direct simulation are usually prohibitive for any computer,
because of the necessity of a full solution to the partial differential equations
that characterize the physical behaviour of the device.
In this context, the macromodels, defined as a reduced complexity descrip-
tion of a device or a collection of devices, are nowadays a common way to
study the analyzed system. Macromodels are, for their definition, approxi-
mate, because their construction is based on a voluntary neglecting of some
aspects and principles not of primary importance for the system behaviour.
A large set of macromodeling techniques have been developed, the one re-
lated to the topics of this Master’s Thesis is characterized by a black-box
approach: i.e. in the research of a model able to reproduce the behaviour
of a system through the observation of the input-output responses. This
is a very common scenario, since a device is usually known only through
time or frequency domain measurements of its input-output responses. In
this context, the Vector Fitting (VF) represents one of the most used ra-
tional approximation algorithm for electromagnetic (EM) systems responses,
thanks to its robustness and accuracy. When electrically long structures
are considered, the VF is characterized by low efficiency, while the Delayed
Vector Fitting (DVF) algorithm represents the best choice, thanks to the
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explicit inclusion of propagation delay terms in the model. In this case, the
knowledge of the propagation delays is required, for this reason several esti-
mation techniques have been developed and validated. Hence, the VF and
DVF make the system-level simulation of EM systems simple and efficient.
However, the design optimization or a sensitivity analysis of any system
usually requires multiple time or frequency domain simulations, varying the
design parameters in order to obtain the desired results. Since every simu-
lation with a FEM solver requires high computational resources and times,
these processes usually need plenty of time. A parametric macromodel can
approximate the complex behaviour of a system, which is typically char-
acterized by the frequency (or time) and several design parameters, over a
defined design space. Its main advantage is that the extraction of informa-
tion for the system over the entire design space requires just few minutes
or even seconds through an interpolation process. Hence, processes such as
design exploration or optimization can be performed in a fast and easy way,
although an initial time is needed for obtaining information of the system in
many strategic points called estimation and validation points. The paramet-
ric macromodeling is an explored field for which many techniques have been
developed and tested with very good results.
This thesis presents the theory and algorithm for a new delay-based parametriza-
tion technique for EM systems combining the rational function interpolation
with a delays interpolation scheme in order to make the design of electrically
long interconnects really efficient and accurate. This novel technique has
been tested with many case studies with satisfying results.
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Chapter 1

Introduction

1.1 Background and Motivation

Macromodels are a reduced-complexity behavioural description of a device or
a more complex system composed by many devices. They are assuming more
and more importance in the research and industrial fields. In fact, there are
a plenty of applications that make the macromodeling a powerful technique:

• Intellectual Property Preservation, the macromodels derive from a math-
ematical procedure and for this reason they don’t contain any informa-
tion about the topology of their equivalent system. So, a company can
provide the macromodel to the clients for their simulations, hiding the
proprietary information and preserving the sensitive details about their
products.

• Fast Simulation in the Time-Domain, instead of simulating a complex
system that can require high computational resources, it is possible
to extract the time-domain transient behaviour from the macromodels
with a determined accuracy in an efficient and fast way.

• Modelling from Measurements, often a device is inly known through its
time or frequency measurements, so the other information about the
system can be obtained with an equivalent mathematical model with
the same time or frequency response.

• Parametric Macromodeling, parametric macromodels approximate the
complex behaviour of EM systems, which is typically characterized by
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the frequency (or time) and several design parameters. So they are suit-
able to efficiently and accurately perform design activities that requires
multiple EM simulations with the variation of the aforementioned de-
sign parameters.

Many others scenarios in which the macromodels can facilitate the research,
analysis, optimization and design of EM systems can be considered: one of
them is the design optimization thanks to the macromodeling parameteriza-
tion, the final goal of the research proposed in this Master’s Thesis.

1.2 Contribution

The subject of this thesis is a novel parametric macromodeling technique
based on the delayed vector fitting. This work has been developed in team
with Andrea Sorrentino, another student of the University of Naples ”Fed-
erico II”, who cared to manage the interpolation of the delayed rational
functions, while the main contribution of this thesis is the parameterization
of the propagation delays. The entire work has been made in collaboration
with the INTEC department of UGent within an Erasmus Placement project.

1.3 Organization of the Thesis

The second chapter of this Thesis describes in details the state-of-the-art
rational macromodeling technique, the vector fitting algorithm, studying in
deep the mathematical theory at its basis, the physical consistency require-
ments and the computational issues.
The third chapter provides a study of the delayed vector fitting and the time
delays of the EM systems, focusing on the issues of their estimation.
The fourth chapter paints a portrait of the problems of the time delays
parametrization, providing a possible solution.
The fifth chapter provides some results on different and significant EM ex-
amples in order to show the potentiality of this research and validate the
developed work.
The last chapter summarizes the proposed work and outline the direction of
a possible future research.

2



Chapter 2

Vector Fitting

2.1 Introduction

Broadband approximations of any system, such as transmission lines, power
systems, microwave electronics and transformers are of cardinal importance
for accurate transient simulations. This necessity can explain the reason of
the success of the Vector Fitting (VF) rational interpolation technique, first
introduced in [1]. In fact, this technique is very versatile and is characterized
by outstanding features: high computational efficiency, high model accuracy
and a relatively simple formulation. In addition, the MATLAB code has
made freely available since its first version [2], causing a rapid diffusion of its
use all over the scientific community.
At a later time, the VF alforithm was identified as an elegant reformulation
of the Sanathanan–Koerner iteration [3], underlining the advantages of VF
compared to its precursor in terms of stability enforcement and computa-
tional efficiency.
In this chapter, a detailed description of the algorithm and its implementa-
tion will be given, focusing on the solutions of the practical issues and giving
many examples for the developed version.
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2.2 Vector Fitting Algorithm

2.2.1 Algorithm Theory Description

Consider the analyzed system described by the rational function f(s), the
aim of VF is to approximate it through the following pole and residues rep-
resentation:

f(s) ≈
N∑
n=1

cn
s− an

+ d+ sh (2.1)

The residues cn and poles an are either real quantities or come in complex con-
jugate pairs, while d and h are real. The problem consists in the estimation
of the mentioned coefficients in order to obtain a least-squares approximation
of f(s) over a given frequency interval. It is clear that the faced problem is
nonlinear because of the presence of an in the denominator, but VF is able
to solve it through two linear stages, both times with known poles [1].
The 1st stage is the pole identification, it requires the introduction of an un-
known function σ(s) for which is also given an approximation. After choosing
a starting set of poles ān, the following system has to be solved:{

σ(s)f(s) ≈
∑N

n=1
cn

s−ān + d+ sh

σ(s) ≈
∑N

n=1
c̃n

s−ān + 1
(2.2)

Noting that the ambiguity of the solutions for σ(s) is removed forcing it to
approximate unity at very high frequencies, the next step is the multiplication
of the second equation by f(s), so:

N∑
n=1

cn
s− ān

+ d+ sh ≈ (
N∑
n=1

c̃n
s− ān

+ 1)f(s) (2.3)

This equation is linear and the unknowns are cn, d, h, c̃n. If the first member
is named A(s) and the second member B(s)f(s) and these rational functions
are considered in their fraction representation:

A(s) =
N∑
n=1

cn
s− ān

+ d+ sh = h

∏N+1
n=1 (s− zn)∏N
n=1(s− ān)

(2.4)

B(s) = (
N∑
n=1

c̃n
s− ān

+ 1) =

∏N
n=1(s− z̃n)∏N
n=1(s− ān)

(2.5)
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It is possible to come to the following result:

f(s) =
A(s)

B(s)
= h

∏N+1
n=1 (s− zn)∏N
n=1(s− z̃n)

(2.6)

In this way, the poles of f(s) become equal to the zeros of B(s), because of
the cancellation of the starting poles due to the use of same starting poles
for σ(s) and σ(s)f(s). So, the zeros of B(s) are a good set of poles for fitting
the original function f(s). If the new computed poles are unstable (with a
positive real part), they can be simply inverted in the sign of their real parts.
Further explanations will be provided in the next section. The 2nd stage is
the residues identification, the most accurate result can be obtained solving
the problem in 2.1 substituting the poles an with the zeros of σ(s). The
solution of this problem will give cn, d and h.
The iteration of these two stages usually allows the convergence of the ratio-
nal approximation.

2.2.2 Causality, Stability and Realness

The VF algorithm provides an approximation of a rational function f(s)
starting from the frequency response of the associated system over a certain
frequency range, however it is of paramount importance that the obtained
system is characterized by various physical-based constraints [4]. In fact, the
macromodels have to preserve the system properties of the original network,
otherwise the accuracy of transient SPICE simulations can’t be considered
acceptable.
These constraints are typically:

• Realness, the model should have a real impulse response, this lead to
the condition H(s∗) = H∗(s);

• Causality, for any physical system, the corresponding output at any
instant cannot depend on any future input, but only on past inputs [5];

• Stability, for time-domain analysis of a system, stability is important
to guarantee that for any given bounded input, the output converges
to some bounded equilibrium state [5]. An unstable system may pro-
duce an output of either continuously increasing magnitude or growing
oscillations. Neither of these results is an accurate representation of
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the behaviour of a real, physical device. So the model should be stable,
i.e. the associated poles must have a negative real part, this condition
also implies causality.

The first property can be easily obtained forcing the following conditions on
the poles (since their starting values) in every stage: poles and residues are
real or appear in complex conjugate pairs. The second property requires an
additional step in the 1st stage, the ”pole-flipping”: it simply consists in the
inversion of the sign of new poles real parts if these are positive, as previously
described.

2.2.3 Passivity

The passivity property requires a special description because it is a tricky, but
also very important property. One of the most usual definition of a passive
system is this one: a passive device is one that cannot deliver more energy
than it has previously absorbed. Passivity is important because a stable, but
non-passive system can become unstable when connected to other passive
devices. In Figure 2.1 there is an example taken from [6]:

Figure 2.1: Example of instability for a non-passive system

The passivity conditions in Laplace domain depend on the adopted repre-
sentation. The following theorem provides the necessary and sufficient con-
ditions for a linear n-port immittance matrix, H(s), to be passive.
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Theorem I: A system defined by an (n×n) immittance matrix H(s) is passive
if and only if:

1. H(s) is analytic for all values of s with Re(s) > 0;

2. H(s∗) = H∗(s) , where ’*’ indicates the complex conjugate operator ;

3. [HH(s) + H(s)] is a non-negative-definite matrix for all s such that
Re(s) > 0, where ’H’ superscript represents the Hermitian conjugate
operator.

A transfer function H(s) that satisfies these three conditions is referred to as
Positive Real and, in general, the first two conditions are easy to verify and
enforce, while ensuring the third one is more challenging [7].
If the system is represented in the scattering domain, the theorem is slightly
different.
Theorem II: A system defined by an (n×n) scattering matrix S(s) is passive
if and only if:

1. S(s) is analytic for all values of s with Re(s) > 0;

2. S(s∗) = S∗(s);

3. [I − SH(s)S(s)] is a non-negative-definite matrix for all s such that
Re(s) > 0.

A transfer function S(s) that satisfies the above three conditions is said to
be Bounded Real. Also in this case, the most difficult condition to ensure is
the third one.
Several methods and techniques have been introduced to verify and enforce
passivity, but this topic is unnecessary for the work of this Master’s Thesis
and for this reason it will not be studied in deep.

2.3 Algorithm Implementation

The VF algorithm has many features, one of them is the fact that it is easy to
implement in a computer program because it essentially consists of building
matrices from simple fractions. This is the problem to be solved:

N∑
n=1

cn
s− ān

+ d+ sh ≈ (
N∑
n=1

c̃n
s− ān

)f(s) (2.7)
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It can be written also in this more convenient form:

N∑
n=1

cn
s− ān

+ d+ sh− (
N∑
n=1

c̃n
s− ān

)f(s) ≈ f(s) (2.8)

Writing it for several frequency points gives the overdetermined linear prob-
lem:

Ax = b (2.9)

where

A =


1

s1−a1 . . . 1
s1−aN

1 s1 − f(s1)
s1−a1 . . . − f(s1)

s1−aN
...

. . .
...

...
...

...
. . .

...
1

sK−a1
. . . 1

sK−aN
1 sN − f(sK)

sK−a1
. . . − f(sK)

sK−aN


x =

[
c1 . . . cN d h c̃1 . . . c̃N

]T
; b =

[
f(s1) . . . f(sK)

]T
In this case, N is the approximation order and K is the amount of frequency
samples. If there is a complex pole, a modification is introduced in order to
ensure that residues come in perfect conjugate pairs. In fact, in the fitting
process there are just real frequencies, so all the problem has to be formulated
in terms of real quantities. For instance, if the partial fraction j and j + 1
are a complex pair: {

ai = a′ + ja′′; ci = c′ + jc′′;
ai+1 = a′ − ja′′; ci+1 = c′ − jc′′

The two corresponding elements Ak,i and Ak, i+ 1 are modified in the fol-
lowing way:

Ak,i =
1

sk − ai
+

1

sk − a∗i
; Ak,i+1 =

j

sk − ai
− j

sk − a∗i
So the problem can be formulated as:[

A′

A′′

]
x =

[
b′

b′′

]
(2.10)

After solving the problem above mentioned, it is necessary to calculate the
zeros. They can be computed as the eigenvalues of the matrix H defined as:

H = A− bc̃T (2.11)
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where A is a diagonal matrix containing the starting poles, b is a column of
ones and c̃T is a row containing the residues of σ. Also in this case, if there is
a complex pair of poles, the elements of the matrix and vectors are modified
in this way:

Â =

[
a′ a′′

−a′′ a′

]
; b̂ =

[
2
0

]
; ĉ =

[
c̃′ c̃′′

]
So H becomes a real matrix and its complex eigenvalues come out as perfect
complex conjugate pairs.

2.4 Practical Issues

2.4.1 Order and Starting Poles

Generally, the order N of the system isn’t known in advance, so a simple
approach is to select a value for N and increase it until a good level of accuracy
is reached. However some guidelines can be given, based on practical rules.
For instance, in the case of resonant responses, N should be chosen at least
twice the number of magnitude peaks: this is necessary to guarantee that the
resonance peaks are modelled by at least a pair of complex conjugate poles.
The starting poles can be linearly spaced, but if the system is characterized by
a broad frequency range with many decades, a logarithmic spacing of starting
poles is suggested [4]. The distribution of the poles over the frequency range
(linearly or logarithmically) reduces the required number of pole relocation
iterations, making the entire process fast and efficient.

2.4.2 Improving Numerical Robustness

In order to evaluate how to improve the numerical robustness of the algo-
rithm, it is necessary to consider the basis functions of VF:

φj(s) =
1

s− qj
(2.12)

Considering the system matrix A of equation 2.9, this function is related to
two of its columns. The magnitude of these basis function depends on the
poles, hence low-frequency poles have bigger magnitude than high-frequency
poles. If the poles vary in a large frequency range, this difference can lead
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to an ill-conditioned problem due to the finite precision arithmetic of the
calculator, causing a loss of accuracy. This issue is easily overcome with
a rescaling of the basis functions: one of the main approach [4] is to scale
every column of the least-square system matrix with the inverse of the column
norm. This lead to a more robust algorithm, also in case of a large frequency
variation of the poles.

2.5 Vector Fitting Applications

The Vector Fitting algorithm can be applied to a wide range of devices and
systems. So, in order to verify the personal algorithm implementation, in
this section a couple of examples will be provided.
The first example is a transformer admittance, taken from [2]. It is useful
especially for comparing the implemented version with ”vecfit3”, the MAT-
LAB function made by the author. The results are showed in Figure 2.2.
The obtained results are achieved with an approximation function of 6 poles
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Figure 2.2: Transformer Admittance Fitting

and the error is very low, in fact RMS ≈ −60dB, where RMS is the Root
Mean Square error. It is an excellent indicator of the goodness of fit and
for this reason it will be used as performance parameter in this work. It is
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defined as follows:

RMS =

√√√√ 1

N

N∑
n=1

|X2
n| (2.13)

The second example is always taken from the vector fitting website and it
represents an artificially created response. The results of the fitting process
with 16 poles are in Figure 2.3. Also in this case, the error is very low and
the RMS ≈ −30dB.
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Figure 2.3: Artificial Response Data Fitting

2.6 Macromodeling of Multi-Port Systems

The real-world system are often multi-port system, so there is the neces-
sity to expand the application of the VF algorithm from the scalar single-
input single-output (SISO) systems to the general multi-input multi-output
(MIMO) case. However broadband macromodeling of large multi-port sys-
tems by VF can be time consuming and resource demanding when all ele-
ments of the system matrix share a common set of poles. For this reason it
is presented the QR factorization[8], through which a new robust multi-port
formulation is developed [9].
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2.6.1 QR Factorization

In linear algebra, the QR factorization (also called QR decomposition) of a
matrix A(m× n) provides:

A = QR (2.14)

where Q is a (m×m) orthogonal or unitary matrix, if A is real or complex
respectively. Instead R is an upper triangular (m × n) matrix. In case m
is bigger than n, the QR factorization can be formulated in a “thin” or
“economy-size” form, where Q has the same size of A with orthonormal
columns and R is square and upper triangular [10].

2.6.2 Multi-Port Formulation

The multi-port formulation is characterized by the same stages of the scalar
algorithm: at first, a pole relocation iteration is performed in order to find a
common set of poles for each port, than the residues and the direct coupling
constants are determined. The mathematical formulation is straightforward,
defining the matrices Φ0 and Φ1 as follows:

Φ0 =

1 1
s1−p1

1
s1−p2 . . . 1

s1−pN
...

...
...

. . .
...

1 1
sK−p1

1
sK−p2

. . . 1
sK−pN

 ; Φ1 =


1

s1−p1
1

s1−p2 . . . 1
s1−pN

...
...

. . .
...

1
sK−p1

1
sK−p2

. . . 1
sK−pN


It is possible to set up the following overdetermined system for the pole
relocation process:

Φ0 0 0 . . . 0 −H1Φ1

0 Φ0 0 . . . 0 −H2Φ1

0 0 Φ0 . . . 0 −H3Φ1
...

...
...

. . .
...

...
0 0 0 . . . Φ0 −HPΦ1




c1

c2

...
cP

d

 ≈


b1

b2

b3

...
bP

 (2.15)

where Hi,c
i,d and bi are respectively the diagonal matrix of data samples

of the i component, the residues vector of the i component, the zeros of the
auxiliary function vector and the vector of data samples of i component.
Hence, just as in the scalar case, d contains the new poles and the associated
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residues can be computed solving the following system (second stage):
1

s1−p1 . . . 1
s1−pN

...
. . .

1
sK−p1

. . . 1
sK−pN


 c

1
1 . . . cP1
...

. . .
...

c1
K . . . cPK

 =

 b
1
1 . . . bP1
...

. . .
...

b1
K . . . bPK

 (2.16)

2.6.3 Fast Vector Fitting

The size of the pole relocation system presented in the last subsection may
reach very large dimensions in case of long frequency response and many
ports causing computational inefficiency. For this reason, in [9] is presented
an elegant solution able to limit storage and runtime for this system. This
is based on the idea that for the pole relocation is necessary just d, so the
objective is to find a smaller system to be solved only for this vector. Each
block of system 2.15 can be written through the QR factorization as:

(Φ0 −HiΦ1) = QiRi = Qi

[
R1,1
i R1,2

i

0 R2,2
i

]
(2.17)

Considering that each component can be associated to its own system:

(Φ0 −HiΦ1)

[
ci
d

]
≈ bi (2.18)

It is possible to apply the “economy-size” QR factorization showed in 2.17
and multiply on the left each member of 2.18 by QH

i , obtaining, thanks to
the unitary property of matrix Q, the new system:[

R1,1
i R1,2

i

0 R2,2
i

] [
ci

d

]
≈ QH

i bi =

[
bi1
bi2

]
(2.19)

The second row of this system depends only on d, so if each second row is col-
lected for i = 1, 2, ...P , it is possible to compose the following overdetermined
system: 

R2,2
1

R2,2
2
...

R2,2
P

d = bi2 (2.20)

The solution of the above system represents the residues necessary for the
next pole relocation. In this way, the cost of solution of this system becomes
negligible compared to the previous one.
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2.7 Circuital Synthesis

The final goal of the macromodeling process is the circuital synthesis. In fact,
with a circuit block that represents the behaviour of the obtained system, it is
possible to simulate it also in a more complex system in a SPICE-like circuit
simulator. The advantage of this process consists in the lower order of the
equivalent circuit compared to the initial system provided, for instance, by a
FEM solver: so, in this case, the simulations can be faster with a determined
accuracy. This is a standardized process in industrial design applications
and for this reason the passivity introduced in section 2.2.3 is an important
property for macromodels.
In general, the circuital synthesis is an explored problem and consists in
the identification of a circuit with a defined transfer function [11]. It is an
iterative process in which every step requires the extraction from a positive
real or a bounded real function (depending on the representation) of a passive
one-port device, in this way the remaining function remains a positive or
bounded real. This last condition guarantees the possibility to iterate the
process.
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Chapter 3

Delayed Vector Fitting

3.1 Introduction

In the previous chapter, the most famous and used identification algorithm
has been introduced. In fact, VF represents a standard tool for fast sim-
ulations of electronic systems. In this field, it is important to define the
electrical length (or electrical size) Λ defined as [12]:

Λ =
L

λ
= f

L

co
(3.1)

where L is the physical length of the transmission line and λ is the wavelength
associated with the electromagnetic wave at the frequency of operation. This
is a very important parameter in the study of an electromagnetic system: if
Λ is smaller than 1, it is possible to apply a lumped model for its analysis
and neglect the secondary effects of propagation [13]. If this assumption is
not true, it is necessary for its analysis to consider the distributed systems
theory, causing the increasing of the complexity.
The macromodeling theory is obviously in line with these considerations:
electrically small interconnects can be approximated by lumped blocks cor-
responding to rational transfer functions. However, the larger is the electrical
length, the larger will be the model order, up to a point where lumped el-
ement modelling becomes impractical for very long interconnects. In fact,
in this case the rational approximations are not able to identify the essen-
tial behaviour of the system under investigation [14]. For this reason, a
model structure that explicitly includes propagation delay terms, mixed with
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suitable rational terms, has been developed and denoted as Delayed Vector
Fitting (DVF) [15].

3.2 Time Delays

3.2.1 Significance of Time Delays Propagation

In general, the time delay can be defined as the amount of time taken for
the quantity of interest to reach its destination. For the interconnects, the
”quantity of interest” is the electromagnetic wave and the ”destination” is
represented by the end of the transmission line. The electromagnetic wave
speed depends, of course, on the characteristics of the line and there is a dif-
ferent formula for each structure (microstrips, coaxial cables, etc.). However
these formulas can be computed just in a lossless case, in fact the problem of
the delay estimation in presence of losses is too complex and cannot be solved
in a closed-form. In order to make clear the topic, an example is provided:
consider a simple transmission line, showed in Figure 3.1.

Figure 3.1: Transmission Line Symbol

This is characterized by:

• Length, its physical length l [m];

• Per-Unit-Length Capacitance C0 [F/m];

• Per-Unit-Length Inductance L0 [H/m];

• Characteristic Impedance Z0 =
√

L0

C0
[Ω];
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The propagation delay tP0 is given by:

tP0 =
√
L0C0 [s/m] (3.2)

And finally the time delay is:

td = l · tP0 [s] (3.3)

So, for instance, if there is a transmission line with Z0 = 75Ω, C0 = 4.47 ·
10−11F/m, L0 = 2.5 · 10−7H/m and l = 1m, the time delay would be td ≈
3.34 ns.

3.2.2 Delays Analysis and Lattice Diagram

The objective of this subsection is to provide the bases for the computation
of the delays in a single transmission line structure and in more complex
systems. Once a time delay is defined, there is the necessity to establish why
a single transmission line is associated to several delays: consider an elec-
tromagnetic wave, denoted as incident wave, travelling in a medium. If the
medium suddenly changes, the incident wave experiences a partial transmit-
tance and partial reflectance, generating a transmitted wave and a reflected
wave. From this point of view, an important parameter is the reflection coef-
ficient Γ, which determines the ratio of the reflected wave amplitude to the
incident wave amplitude:

Γ =
ZL − Z0

ZL + Z0

(3.4)

where Z0 is the characteristic impedance of the transmission line and ZL
is, in general, the load seen by the transmission line. Similarly, also the
reflected wave can experience the same behaviour if it faces a discontinuity
in the medium. In order to be clear, focus on a simple example of a single
lossless transmission line terminated with a load ZL not matched with z0

represented in Figure 3.2. An incident wave starts from the source VS and
travelling reaches the first discontinuity ZL, it is partially reflected back
and faces the second discontinuity RS, the intrinsic resistance of the voltage
generator. Also in this case there is a partial reflection of the wave that will
propagate again over the transmission line reaching ZL for a second time with
a different amplitude. So, a first electromagnetic wave arrives after td, where
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Figure 3.2: Simple Circuit for Delay Estimation

td is the intrinsic time delay of the transmission line. Then, a second wave
arrives after 3td and the process can repeat iteratively until the amplitude is
considered negligible due to the many reflections.
An elementary method useful for the estimation of the delays is the lattice
diagram [13]: this is very intuitive and efficient and it is based on a graph,
in this way it is possible to compute all the time delays of a structure. The
lattice diagram for the example in analysis is in Figure 3.3
Thanks to the diagram, it is straightforward to obtain these formulas for the
delays: {

τ 1,1 = τ 2,2 = (2m1)td : m1 ≥ 0
τ 1,2 = τ 2,1 = (2m1 + 1)td : m1 ≥ 0

(3.5)

Where τ i,i is the interval of time required for the electromagnetic wave for
reaching the same port from which it started and τ i,j is the interval of time
required for the electromagnetic wave for reaching port i from port j. So
the former can be related, for instance, to the scattering parameters S1,1 or
S2,2 of this structure, instead the latter to the scattering parameters S1,2 or
S2,1. The diagram is much more useful when it is applied to a more complex
structure. Consider the next example composed by two transmission lines
in cascade as in the following Figure 3.4a and its lattice diagram in Figure
3.4b.
For the sake of simplicity, this time in the lattice diagram it is not reported
the amplitudes, but just the delays of the electromagnetic waves. Now, it is
more difficult to get a formula, but thanks to the lattice diagram it is possible
to come to these results:{

τ 1,1 = τ 2,2 =
∑2

i=1(2mi)td,i : mi ≥ 0

τ 1,2 = τ 2,1 =
∑2

i=1(2mi + 1)td,i : mi ≥ 0
(3.6)
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Figure 3.3: Lattice Diagram for the Example in Analysis

However, proper physical considerations are required for τ 1,1: in fact, not all
the combinations of mi are acceptable, in particular m2 > 0 only if m1 > 0.
The same applies to τ 2,2 for which m1 > 0 only if m2 > 0. The more
complex is the structure, the greater is the effort required for compute the
delays. Furthermore, delays associated to different paths can assume the
same values, so if a repetition is not desired, a check has to be made in order
to avoid them. A last important concept to underline is the causality: it is
guaranteed if the delay terms are positive (and the poles of the model are
stable).
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(a) 2nd Example of Structure with two Transmission Lines

(b) 2nd Example Lattice Diagram

3.3 Delayed Vector Fitting (DVF)

3.3.1 Delayed Rational Functions

The objective of the delayed vector fitting is always the same: given an
electrically long interconnect with many ports and represented by a multi-
port transfer function H(s), the aim is to find an approximation of H(s)
starting from the sampled frequency response of the system. For the sake of
clarity, the algorithm will be described in a scalar case, referring to a single
element of the general transfer function H(s).
The assumption is to consider an arbitrary interconnect structured as a chain
of cascaded blocks, each of these can be a transmission-line structure, a
lumped block, or another electrically-long 3-D interconnect (for instance,
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a connector). For this class of structures, a scalar element of the transfer
function can be written as [16]:

H(s) =
∞∑
m=0

Qm(s)e−sτm ≈
m̄∑
m=0

Qm(s)e−sτm (3.7)

where Qm(s) are proper rational transfer functions. The significance of the
delay terms has been described in the last subsection, while the Qm(s) are
related to other physical phenomena such as attenuation and dispersion. In
fact, in practical applications with lossy structures, the magnitude of Qm(s)
terms decays with the increasing of the corresponding delay term τm: this
effect leads to an effectively finite number m̄ of significant terms, justifying
the entire delayed macromodeling approach. In particular, this approach
consists of two main approximations:

• A finite amount of delays m̄ as showed in 3.7;

• a rational approximation is applied to each coefficient Qm(s) which, in
general, is not a rational function.

So, the delayed rational macromodel come to have this form:

H(s) ≈ (
m̄∑
j=1

rm,j
s− pj

+ rm,0)e−sτm (3.8)

3.3.2 Identification of Delayed Rational Functions

In the light of these assumptions, the identification of delayed rational func-
tions requires two main steps:

1. A delays estimation process is required, it differentiates depending on
the situation: if the interconnect is well known and relatively simple,
the delays are computed thanks to formulas and lattice diagrams. Oth-
erwise the frequency data samples have to be analyzed in order to get
the desired delays information, this approach will be discussed in details
in the next sections.

2. Provided the delay values, a rational identification is performed with
an iterative weighting process, such as VF.
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3.3.3 Algorithm Theory and Implementation

In this subsection, a detailed study about the implementation strategy of the
DVF will be provided. It is known that a generic transfer function with a
multi-delay structure H(s) can be written with no approximation as follows:

H(s) =
∞∑
m=1

Qm(s)e−sτm (3.9)

The DVF applies a truncation of the known time delays τm and the approx-
imation of the terms Qm(s) with rational function:

Qm(s) ≈
n∑
j=1

rm,j
s− pj

+ rm,0 =
cm,0 +

∑n
j=1

cm,j

s−q̄j

1 +
∑n

j=1
dj
s−q̄j

(3.10)

This representation of the terms forces the same order for every coefficient
Qm(s) and the same set of poles {pj}. This form has the same aim of VF,
that is the research of a linear problem to solve with a set of fixed starting
poles q̄j. In fact, with the substitution of the right-hand member of 3.10 in
3.9 for a single frequency point s = sk = jωk, it’s easy to come to this new
equation [4]:(

1 +
n∑
j=1

dj
jωk − q̄j

)
H(jωk) ≈

m̄∑
m=0

(
cm,0 +

n∑
j=1

(
cm,j

jωk − q̄j

))
e−jωkτm

(3.11)
where the unknowns dj and cm,j appear linearly. So, widening this expression
over the entire frequency range of K samples, a compact form for the system
to be solved in the least-squares sense is this one:(

E0Φ0,E1Φ0, . . . ,Em̄Φ0,−H̆Φ1

)
≈ H̆1 (3.12)

where 1 = (1, . . . , 1)T is a K-dimensional column vector, Φ0 and Φ1 have
been yet defined in section 2.3 and

H̆ = diag{H(jωk}, Em = diag{e−jωkτm}

From the aforementioned system, {dj} can be extracted in order to compute
the zeros of the denominator, i.e. the new set of poles. After some iterations
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that ensure the poles to have converged, the final stage is a simpler system
with fixed delays and poles for the computation of residues:

(E0Φ0,E1Φ0, . . . ,Em̄Φ0) C ≈ H̆1 (3.13)

where

C = (c0,0, c0,1, . . . , c0,n, c1,0, c1,1, . . . , c1,n, . . . , cm̄,0, cm̄,1, . . . , cm̄,n)T

3.4 Lossless Structures Macromodeling

The described algorithm has translated in programming code following the
instructions of the previous section. The test example 1 is reported in Figure
3.5. For both transmission lines the intrinsic capacitance C0 = 4.4710−11F/m

Figure 3.5: Test Example for DVF

and the intrinsic inductance L0 = 2.4910−7H/m, there are 5001 frequency
samples available for each scattering parameter, they are all represented in
Figure 3.6.
For all the scattering elements the delays have been computed and the DVF
has been applied: in order to underline the potentiality of this technique, its
performance have been compared with VF, the results of this experiment are
reported in the table below:

Delays VF Order DVF Order VF RMS DVF RMS

S1,1 12 900 4 0.0316 0.0012
S1,2 12 900 4 0.0407 0.0006
S2,2 12 900 4 0.1042 0.0001

So, the DVF algorithm leads to much better results than VF for this electri-
cally long interconnect.

1Built with MATLAB RF ToolboxTM
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Figure 3.6: Test Example for DVF Scattering Parameters

3.5 Time Delays Estimation

3.5.1 Why Delay Estimation

In many cases the delays are not known a priori and cannot be computed due
to the extreme complexity of the interconnect, for this reason is necessary
to develop an algorithm in order to extract the delay from the available
frequency data. An accurate estimation necessity is required, in fact Bjørn
Gustavsen has showed in [17] the high sensitivity of the rms-error to the
delays accuracy. In particular, if an error causes the delay to be larger
than the optimum the rms-error increases very much, especially when the
approximation is performed with only stable poles. Several algorithm for
the delays estimation have been developed: in this work two of them will be
described and compared, in order to identify the best one for the research
purpose of this Master’s Thesis.

3.5.2 Time-Domain Delay Extraction Algorithm

The first considered delay estimation algorithm works in the time domain. In
this case, there are some aspects to consider in order to perform an accurate
estimation with a negligible error. The time-domain approach involves the
impulse response of the system, in fact it is intuitive to imagine that with
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an impulse as input, there will be many impulses as output centred in the
time values corresponding to the delays. However, the practical result of an
impulse response is more complicated than that, in fact the output consists
of many waveforms for which the maximum value is not associated to the
desired delay, so it is always required a sort of singularity analysis of the
waveforms. This is not the only issue: the time-domain inspection needs an
IFFT transform. In order to not excite any frequency content for which no
data is available, a simple IFFT cannot be computed. For this reason, a
smart solution is described in [18]: this method involves an impulse function
with determined rise time tr and holding time th, where the holding time is
the interval of time for which the impulse is high. This band-limited impulse
h(t) is represented in Figure 3.7 and defined as follows:

h(t) =


exp(− η1(t)2

1−η1(t)2
), if 0 ≤ t < tr

1, if tr ≤ t < tr + th
exp(− η2(t)2

1−η2(t)2
), if tr + th ≤ t < tb

0, if t ≥ tb

(3.14)

with

η1(t) =
t− tr
tr

; η2(t) =
t− tr − th

tr

This approach has also another advantage, in fact if the singular analysis
is performed on the extrema of the band-limited smoothed response, it will
be intrinsically less sensitive to noise. In Figure 3.8 there is an example of
application of this technique, in particular it is applied to the S1,2 scattering
parameter of the example 3.5. Then the estimation process would require an
analysis of the waveforms in order to establish an accurate value of the time
delays. The 1st sub-plot up on the left is the frequency response of the system
under analysis, on its right the band-limited impulse in the frequency domain
is represented. Then in the bottom left corner it is showed the simple impulse
response of the system and its side, the band-limited impulse response (both
zoomed): in the latter case is much more easy to analyze the data.
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Figure 3.7: Band-Limited Impulse
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Figure 3.8: Example of Band-Limited Impulse Application

3.5.3 Delay Estimation Algorithm Based on Gabor Trans-
form

The delay estimation needs always a time-frequency analysis: a powerful tool
from this point of view is a transform. In particular a general transform can
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be written in this form:

Tx(γ) =

∫ +∞

−∞
x(t)φ∗γ(t) (3.15)

where x(t) is the analyzed function and φγ(t) is the basis function of the
transform. A good transform for the desired purpose is the Short-Time
Fourier Transform (STFT) because it has good localization properties both in
time and frequency domains [19]. Its basis function is amplitude-modulated
and frequency-shifted, defined in the following way:

φfτ (t) = gfτ (t) = g(t− τ)ej2πft (3.16)

where g(t) is an windowing function. So this transform is the iterative Fourier
transform of different windowed parts of the signal: it is used to avoid rect-
angular windowing function in order to not introduce artificial discontinu-
ities. One of the most used function is for this reason the gaussian function
g(t) = αeβt

2
, in this case the transform is named Gabor Transform. Focus-

ing on the presented topic and considering the input data in the frequency
domain, it is required a modification of the basis function, in particular:

φfτ (t) = gfτ (t) = g(t− τ)e−j2πft (3.17)

With this basis function, the transform is an ISTFT and its output is always
a spectrogram, but with inverse time and frequency axes compared to the
normal STFT. Hence, the transform for this purpose is:

G(f, τ) =

∫ +∞

−∞
X(f)g∗(t− τ)ej2πftdt (3.18)

Local maxima of |G(f, τ)|2 pinpoint the location in time (corresponding to
the delays) and frequency of the dominant energy contributions of X(f).
Typical interconnect responses are characterized by well-separated single-
delay components [16], therefore the time coordinates of the local maxima
provide good estimates for the individual propagation delays. So the steps
of the algorithm are:

1. Perform the ISTFT and obtain the time-frequency spectogram;

2. Average the spectrogram over the available bandwidth;
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3. Find the time local maxima coordinates τm.

However, after the estimation there is possibility to refine the values through
an optimization process. An example of the results of the first two steps
of the algorithm is provided for the structure 3.5 and it is showed in Figure
3.9. In the spectrogram the energy values are represented through the colors,
from the lowest (blue) to the highest (red).

T
im

e 
[n

s]

Frequency [GHz]

AMPLITUDE SPECTROGRAM

3 4 5 6 7
0

50

100

150

200

0 0.2 0.4 0.6
0

50

100

150

200

250

Energy E(τ)2

T
im

e 
[n

s]

Figure 3.9: Time-Frequency Spectogram (left) and Frequency-Averaged
Plot (right)

3.5.4 Delay Estimation Algorithms Comparison

In the previous subsections two of the main time delays estimation algorithm
have been introduced. The former has the convenience to be relatively sim-
ple compared to the latter, however the STFT-based does not require any
parameter to be chosen for the singularity analysis of the waveforms for the
identification of the time coordinates of the delays. Hence, since the two
algorithms provide almost the same accuracy for all the test cases analyzed,
the second one is the preferred and it will be applied in order to obtain the
parametrized delays. In fact, the time-domain algorithm needs the setting
of these parameters that would take too much time for many parametrized
structures for an optimum result.
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3.6 Lossy Structures Macromodeling

Also this time, a verification of the implemented algorithm is provided, so
now the delayed macromodel identification will be performed with a delays
estimation based on the Gabor transform technique. This is a first example
of model identification with DVF of a lossy transmission line, in particular
it is a coaxial cable 2 with the following features:

OuterRadius : 4.3 · 10−3 m

InnerRadius : 6.4 · 10−4 m

µR : 1 εR : 2.25

tan(δ) : 0.004

LineLength : 0.75 m

A model will be identified for both S1,1 and S1,2, represented in Figure 3.10.
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Figure 3.10: Scattering Parameters of Lossy Coaxial Cable

Also in this case, a comparison with VF has been made, the results of these
tests is in the table below:

Delays VF Order DVF Order VF RMS Error DVF RMS Error

S1,1 3 76 4 0.010 0.003
S1,2 2 74 4 0.010 0.006

2Built with MATLAB RF ToolboxTM
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Finally, the DVF model responses are available in Figures 3.11a and 3.11b,
the original data are almost overlapped with them.
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Figure 3.11: Scattering Parameters Error Analysis

3.7 FEM Structures Macromodeling

All the previous study cases, lossless and lossy, were built with MATLAB
RF ToolboxTM [20] that provides functions, objects, and apps for design-
ing, modelling, analyzing, and visualizing networks of radio frequency (RF)
components. This is a very useful software because it allows to create and
analyze rapidly a wide range of RF devices and networks. However, in order
to make a complete evaluation of the implemented algorithm, it is necessary
to perform a test with structure built with other software based on other
methods. For this reason, the next study case is provided through Advanced
Design System (ADS) based on the Finite Element Method (FEM). This
is an 8-port structure composed by non-uniform microstrips, realized on a
substrate of FR4: its scattering parameters have been computed for 5000
frequency samples in the [1kHz, 40GHz]. It is showed in Figure 3.12.

Figure 3.12: ADS Study Case
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Several simulations have been made for different scattering parameters and
reported in the table below with the results of VF, too:

Delays VF Order DVF Order VF RMS Error DVF RMS Error

S1,2 2 30 6 0.0026 0.0024
S1,6 2 30 6 0.0021 0.0024
S1,7 2 30 4 0.0025 0.0017
S5,1 2 30 4 0.0039 0.0043
S7,2 2 30 4 0.0020 0.0016
S8,2 2 30 4 0.0024 0.0026

Hence, the main advantage of DVF for this structure is a more compact model
compared to the VF. Due to space limitations, just one of the simulations,
in particular the analysis of S5,1, has been reported in Figure 3.13. From
this plot there is no possibility to appreciate the slight difference between
the model frequency response and the original data, but it is easy to see how
low is the error magnitude over the entire frequency range.

0 5 10 15 20 25 30 35 40
−80

−70

−60

−50

−40

−30

−20

−10

0

f [GHz]

M
ag

ni
tu

de
 [d

B
]

 

 

DVF
Original Data
RMS Error

Figure 3.13: |S5,1| Error Analysis
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3.8 Circuital Synthesis for Delayed Systems

Also for delayed systems, the aim is to derive a compact SPICE-compatible
circuit stamp. Through a form modification it is possible to divide the syn-
thesis of rational functions and delay terms. In particular, the delay terms
can be synthesized in many ways, depending on the current SPICE software.
If delayed controlled sources are available, the synthesis is direct [15]. In-
stead, if such elements are not available, delays can be synthesized using
ideal transmission lines elements.
No further details will be given about the circuital synthesis, since it is not
a topic not directly related with the research, at least until now. The aim of
this section was to confirm, also for delayed rational functions, the possibility
of synthesis in circuit blocks useful for industrial applications.
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Chapter 4

Delays Parameterization

4.1 Parametric Macromodeling

The first step of a macromodeling parameterization is the identification of a
design space [21], i.e. the area in which the parameters g(1), g(2), ...g(n) can
vary. Each design space has to be divided in cells and every vertex of a cell
is usually named design space point or estimation point, because these are
useful for estimating the macromodels in the remaining area of the design
space. At the end of the parameterization set up, the interpolation process
is evaluated in strategic points of the design space, the validation points : if
the error of the corresponding macromodels is below a certain threshold, the
entire parameterization can be considered valid. A first example of a 2-D
design space is represented in Figure 4.1.

Figure 4.1: 2-D Grid Example
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4.2 Time Delays Parameterization Issues

In order to obtain a successful time delays parameterization, there are two
main issues to resolve:

• Time Delays Shadowing, it consists in the overlapping of two or
more energy peaks associated to different delays (this terminology is
related to a time delays estimation technique based on the Gabor trans-
form);

• Time Delays Interleaving, after their estimation, the delays appear
in chronological order in each design space point, so if the variation
of a parameter along the design space causes the interleaving of two
trends between two of these points, the interpolation fails causing an
unacceptable error.

Of course these problems are linked, but they can happen together or not,
depending on the density and on the limits of the design space. An example
of the two phenomena is depicted in Figure 4.2a and 4.2b.

(a) Interleaving (b) Shadowing and Interleaving

Figure 4.2: Parameterization Issues

For a better understanding, Figure 4.3 shows the delay trends in different
colours. In the in the second case, when the delay trends are not sorted (as the
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delay estimation algorithm application in every estimation point provides),
the linear interpolation can lead to some not physical values for the delays,
generating a huge error in the possible interpolated macromodel.
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Figure 4.3:
Sorted Delay Trends (left), Unsorted Delay Trends (right)

4.3 Time Delays Post-Processing

4.3.1 Algorithm Introduction

The solution for these problems in a parameterization process can be a post-
processing of the estimated time delays that starting from an estimation
scenario. In Figure 4.4 there is an example of estimation scenario for a 1-D
design space of 11 design estimation points, it is possible to visualize several
problems, such as the shadowing and the interleaving aforementioned, the
different amount of estimated delays for every design space point (due to
the shadowing, the energy attenuation or algorithm mistakes). However, an
indication of the delay trends is given by the first delay trend named in the
figure as ”Normal Delay Trend”: it is always error-free because the first delay
is the one with more energy (since it is not associated to any reflection) and
cannot get interleaved with any other delay trend.

35



Figure 4.4: Time Delays Estimation Scenario

4.3.2 Algorithm Theory and Application

For the sake of simplicity, a 1-D design space is considered in this description,
then a 2-D extension will be provided.
The developed algorithm is based on two main assumptions:

• There are always 3 consecutive estimation points for each trend that
are not affected by any problem (such as shadowing or interleaving):
the corresponding delays associated to these points are named guide
delays ;

• The delay trends can be approximated as linear or piece-wise linear
trough the entire design space.

If the former assumption can be taken for granted without many doubts,
since the user can decide to create a denser grid if it is not verified, the latter
is not so easy to prove: in the next subsections there is a study in order to
justify this hypothesis.
Starting from the three guide delays, a linear prediction of the current trend
is generated, so if there is an estimated delay similar (within a certain thresh-
old) to the predicted one, it is considered as part of the trend (found delay),
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otherwise the delay of the prediction is taken as next delay in the current
analysed trend (artificial delay). This iterative procedure can overcome both
the delays shadowing and interleaving issues, producing as output an ordered
set of delay trends. Since the first delay cannot get confused with anyone
else, because it is not associated to any reflection, it is used for the identifica-
tion of thresholds necessary for the algorithm to perform the post-processing
properly.
The first example for the application of the algorithm has been reported in
Figure 4.5. It is a cascade of three lossy transmission lines with a capacitance
shunt1, in this case there is just 1 varying parameter, the length of the 2nd

transmission line along 15 estimation points.

Figure 4.5: First Example for 1-D Delays Post-Processing

The results of the time delays estimation and the post-processing algorithm
for this structure are provided in Figure 4.6.
In order to clarify the results, there is a legend below:

• Blue Circles indicate the Guide Delays ;

• Red Circles indicate the Found Delays ;

• Green Circles indicate the Artificial Delays ;

• Black X indicate the Neglected Delays.

In this example there are several shadowing (and interleaving) issues, in
these cases the number of artificial delays increase due to the fact that the
estimation algorithm cannot identify two different delays (because of their
overlapping). Focusing on the 3rd and 4th delay trends, Figure 4.7 shows
the energy distributions derived from the time-frequency decomposition of
the Gabor transform in different points of the design space: in this case, the
third energy peak overlaps the fourth along the design space, so this is a true

1Built with MATLAB RF ToolboxTM
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Figure 4.6: Delays Post-Processing

example of shadowing.
The 2-D extension of the post-processing algorithm is straightforward. In
fact if we consider a design space divided in rectangular cells such as the one
in Figure 4.1, it is possible to apply the algorithm following these steps:

1. Apply the algorithm previously described to each horizontal (vertical)
line of the grid;

2. Create a matrix containing for each column the first delay of each trend
for every horizontal (vertical) line and apply the algorithm with this
matrix as input;

3. Order the trend over the vertical (horizontal) side of the design space
following the indications of the results of step 2.

In fact, considering that the delay trends are ordered by their value in the
first estimation point, the 2-D extension consists just in the sorting of the
first delays of each trend along the opposite side.
The example for a 2-D post-processing is an extension 2 of the previous one
and it is represented in Figure 4.8.
The design space parameters are the length of the first (l1) and the second
transmission lines (l2) in the ranges reported in Figure 4.8 with 3 and 15
estimation points, respectively. Figure 4.9 shows the design space grid.

2Built with MATLAB RF ToolboxTM
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Figure 4.7: Delays Energy Distribution Plots

Accordingly to the previous flowchart, the 1st step is the application of the
1-D post-processing algorithm to the lines of the space grid, for this case the
choice was for the horizontal lines.
In Figure 4.10 there are the results, they are coherent with the choice, in fact
there are 8 plots and each trend is composed by 10 delays.
The next step consists in the application of the algorithm to the first delays
of each revealed delay trend, then a re-order process is performed.
The results of this process are presented in Figure 4.11: on the x-axis there
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Figure 4.8: Example for 2-D Delays Post-Processing

Figure 4.9: Design Space Grid
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(a) l1 = (1.2− 10%)m
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(b) l1 = (1.2)m
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(c) l1 = (1.2 + 10%)m

Figure 4.10: 1st Step of the 2-D Post-Processing Algorithm

is the 1st varying parameter, on the y-axis there is the 2nd and the colours
represent the time delay values from the lowest (dark blue) to the highest
(red). In this section, all the examples provided were characterized by very
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low losses and cascade of many transmission lines, this was necessary for
increasing the chances to see the delays interleaving. In the next sections
will be provided a small study about the occurrences of these events.
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(f) 6th Delay Trend
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(g) 7th Delay Trend
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(h) 8th Delay Trend
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(i) 9th Delay Trend
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Figure 4.11: Results of the 2-D Post-Processing Algorithm
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4.4 Algorithm Analysis

In order to explain how the post-processing algorithm works, a very simple
study case will be considered in this section step-by-step. This case compre-
hends a 1D design space of 8 estimation points: in Figure 4.12a is showed
the estimation scenario, for simplicity this will be named geometrical rep-
resentation from now on. On the x axis there are the varying parameter
values associated to the estimation points, while on the y axis there are the
extracted time delay values. From a computational point of view, in order
to appreciate how the proposed solution works in MATLAB environment,
a ”numerical” representation is provided in Figure 4.12b. The delays are
sorted by their values and saved in column vectors, these vector can be char-
acterized by different lengths in every estimation points: this was the first
computational problem to solve. A color legend is applied in both the rep-
resentations to relate the delays in these two cases: so, the 1st delay in each
design space point is white, the 2nd is light gray, the 3rd is dark gray and the
4th is white again.

(a) Delays Geometrical Representation (b) Delays Numerical Representation

Figure 4.12: 1st Delays Post-Processing Step

The first step of the algorithm is the analysis of the first ”row” of time
delays, scilicet a vector containing the first delay of each estimation point,
indicated in Figure 4.12b with an arrow. For this k-dimensional vector, the
(k-1)-dimensional derivatives vector is computed as the difference between
two consecutive delay elements: so, the three time delays corresponding to
the two consecutive derivatives with lower difference are selected as guide
delays. From the guide delays, the least-square line is computed through a
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linear regression process and extended to the entire x-axis: the result of this
process is visible in Figure 4.13.

Figure 4.13: Delays Numerical Representation

The second step consists in the individuation of the nearest delay of each
design space point to the least-squares line: if the found delay is lower than
a defined threshold, it is saved and named found delay, otherwise the value
of the least-square line is saved and named artificial delay. The comparing
process with a threshold is necessary for a correct assignment of the delays
for each trend, in this case there are just found delays due to the absence of
shadowing effects for the first delay trend.
The final step of the algorithm is related to the cancellation of the guide
and found delays in the initial column vectors. The remaining elements are
represented in Figure 4.14a and 4.14b.

(a) Delays Geometrical Represen-
tation

(b) Delays Numerical Representa-
tion

Figure 4.14: 3rd Delays Post-Processing Step
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Then, the steps are iteratively repeated, so the result of the next three steps
is provided in Figure 4.15, supposing that the three guide delays are founded
between the first 6 delays of the ”row” vector indicated with an arrow in
Figure 4.15a. All the steps are repeated a third time, in this case there is

(a) 1st Delays Post-Processing Step

(b) 2nd Delays Post-Processing Step

(c) 3rd Delays Post-Processing Step

Figure 4.15: 2nd Iteration of Delays Post-Processing

44



the generation of some artificial delays due to the absence of two elements in
the middle of the trend: all the steps are in Figure 4.16.

(a) 1st Delays Post-Processing Step

(b) 2nd Delays Post-Processing Step

(c) 3rd Delays Post-Processing Step

Figure 4.16: 3rd Iteration of Delays Post-Processing
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The delays post-processing algorithm has not a fourth iteration because it
cannot find three consecutive delays. The absence of delay elements in this
case is due to the possible low energy of the peaks (considering an estimation
of the time delays with a Gabor-transform-based algorithm), so a risk of fail-
ure increases and randomly they can be recognized or not. However, since
these time delays are associated to very small energy peaks, their importance
in the macromodeling process is low.

4.5 Time Delays Behaviour

4.5.1 Preamble

This section will focus its attention on two important behavioural character-
istics of the time delays in the transmission lines:

1. The assumption of the algorithm mentioned in the last section about
the linearity of the delay trends with the change of the parameter;

2. The occurrences of delays interleaving issues;

Both of these topics will be described in a subsection.

4.5.2 General Behavioural Analysis

One of the main requirements of the post-processing algorithm was the prac-
tically linearity of the delay trends as the parameter changes: this assumption
may appear too strong at first glance, but it is not actually. In many cases
the delays are proportional to one or more design parameter, in particular
[22],[23] and [24] report these formulas:

• Transmission Lines - td =
√
L0C0 · l

• Microstrip Lines - td = 84.75
√

0.475εR + 0.67 · l

• Strip lines - td = 84.75
√
εR · l

• Coaxial Cables - td = 1.016
√
εR · l
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So, the delays for these structures are proportional to the length in a direct
way and to other parameters in a square root way: hence, if the parameters
change in a reasonable variation range, the time delay trend can be assumed
almost linear. A necessary observation regards the ideal principles at the
basis of those formulas, but if the variations due to introduction of losses are
just perturbations of them, there is always the opportunity to set a variation
range, probably smaller than the one associated to the lossless case, in which
the delay trends can be evaluated as linear.
In order to check the validity of these statements, a study has been con-
ducted: since the amount of simulations required was really high, MATLAB
RF ToolboxTM was the best choice for this work.
The 1st example consists in a coaxial cable3 with these features:

OuterRadius : 0.0043m

InnerRadius : 6.4000e− 04m

µR : 1 εR : 2.2500 tan(δ) : 0.0040

LineLength : 0.7500m

For this structure a variation of ± 25% is provided for the LineLength and
the εR. In Figure 4.17 are reported the results of the delay estimations
(circles) and the linear regression of the estimated delays (line).
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Figure 4.17: Coaxial Cable Parametric Analysis

In this case, the delays are almost linear and the maximum relative error
between the trend provided by the linear regression process and the estimated
delays is reported in the following table:

3Built with MATLAB RF ToolboxTM
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Parameter Max Error

L 0.9%
εr 1.1%

The 2nd example consists in a microstrip line4 with these features:

Width : 3.8100e− 04m

Height : 0.0012m

Thickness : 3.5100e− 05m

εR : 4.6000 tan(δ) : 0.0200

LineLength : 0.5000m

For this structure a variation of ± 25% is provided for the LineLength and
the εR. Also in this case, in Figure 4.18 are reported the results of the delay
estimations (circles) and the linear regression of the estimated delays (line).
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Figure 4.18: Microstrip Parametric Analysis

The maximum relative error of the estimated delays with the trend provided
by the linear regression process is reported in the following table:

Parameter Max Error

L 0.2%
εr 0.4%

The results of the approximation of the delay trends with linear trends are
characterized by a low error in both cases. Furthermore, it is coherent to

4Built with MATLAB RF ToolboxTM
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see that for both the structures, the relative error is lower when the varying
parameter is the length. Since the variations considered in this analysis are
much bigger than the usual variation range in a parametric analysis, it can
be assumed that the almost-linearity hypothesis is a reasonable assumption.
However, if it is not verified, the user can choose to approximate the delay
trend with a proper piecewise linear function.

4.5.3 On the Probability of Interleaving

The probability of interleaving depends on many factors: the number of
estimated delays, the number of reflections in the analysed structure, etc...
For these reasons, in order to make the issue possible, the combination of
many conditions is required:

• Large Measurements Frequency Range;

• Huge Amount of Measurements Samples ;

• A Certain Number of Reflections in the Structure;

• Low Losses.

• Similar Structures in Cascade

In a real analysis the combination of all these conditions is rare and often
they are attributable to complex structures. However, considering the tech-
nological progress for which the working frequencies are increasing and losses
always getting smaller, the combination of these events is going to be ordi-
nary in high-tech applications. So in order to make the algorithm working
in every situation, it was tested also in these difficult conditions.

4.6 Delays Linear Regression

4.6.1 Why Linear Regression

At the end the post-processing of the delays, the last step before using these
in the total parameterization process is the linear regression. In fact, sev-
eral experiments have revealed that a lower error is achieved when a linear
regression process is performed before the validation.
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In particular, the validation process requires the interpolation of the delayed
rational functions: this step is managed separately for delays and for the
residues. Focusing on the time delays, there are many interpolation tech-
nique that can be used, such as Linear, Cubic Spline, Piecewise Cubic Her-
mite Interpolating Polynomial (PCHIP) [8]. From a generic point of view,
usually the Cubic Spline interpolation is the best choice, but in this case,
the knowledge of the delays linearity drives the choice to the Linear Inter-
polation, in this way the entire process is made simpler without any error
increase.

4.6.2 Linear Regression Theory

In statistics, linear regression is an approach for modelling the relationship
between a scalar dependent variable y and one or more explanatory variables
(or independent variables) denoted x. The case of one explanatory variable
is called simple linear regression. For more than one explanatory variable,
the process is called multiple linear regression [25]. Linear regression was
the first type of regression analysis to be studied rigorously, and to be used
extensively in practical applications. This is because models which depend
linearly on their unknown parameters are easier to fit than models which are
non-linearly related to their parameters and because the statistical proper-
ties of the resulting estimators are easier to determine.
Linear regression has many practical uses in many fields: epidemiology, fi-
nance, economics, environmental science, etc... . Most applications fall into
one of the following two broad categories:

• If the goal is prediction, forecasting or error reduction, linear regression
can be used to fit a predictive model to an observed data set of y and
x values. After developing such a model, if an additional value of x is
then given without its accompanying value of y, the fitted model can
be used to make a prediction of the value of y.

• Given a variable y and a number of variables x1, x2, ...xp that may be
related to y, linear regression analysis can be applied to quantify the
strength of the relationship between y and the xj, to assess which xj
may have no relationship with y at all, and to identify which subsets
of the xj contain redundant information about y.

Linear regression models are often fitted using the least squares approach,
but they may also be fitted in other ways. Some remarks on terminology:
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• y is called the regressand, measured variable or dependent variable;

• x1, x2, ...xp are called regressors, explanatory variables or independent
variable.

4.6.3 Simple Linear Regression

In statistics, simple linear regression is the least squares estimator of a linear
regression model with a single explanatory variable. In other words, simple
linear regression fits a straight line through the set of n points in such a
way that makes the sum of squared residuals of the model (that is, vertical
distances between the points of the data set and the fitted line) as small as
possible[26]. The adjective simple refers to the fact that the outcome variable
is related to a single predictor.
Supposing the existence of n data points {(xi, yi), i = 1, 2, ...n}. The function
that describes x and y is:

yi = α + βxi + εi (4.1)

This relationship is modelled through a disturbance term or error variable εi,
an unobserved random variable (usually called error term) that adds noise
to the linear relationship between the measured variable and the explanatory
variable.
The goal is to find the equation of the straight line:

y = α + βx (4.2)

which provides the best fit for the data points. Here the ”best” is under-
stood as in the least-squares sense: a line that minimizes the sum of squared
residuals of the linear regression model, scilicet the differences between the
measured variables at each combination values of the explanatory variables
and the corresponding prediction of the response computed using the re-
gression function. In other words, α and β solve the following minimization
problem:

min
α,β

n∑
i=1

(yi − α− βxi)2 (4.3)
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4.6.4 Multiple Linear Regression

A linear regression model that contains more than one predictor variable
is called a multiple linear regression model [25]. Consider a multiple linear
regression model with p predictor variables:

yi = β0 + β1xi,1 + ...+ βpxi,p + εi, i = 1, ..., n (4.4)

The model is linear because it is linear in the parameters βi. The parameters
βi are usually referred to as partial regression coefficients and βk represents
the change in the mean response corresponding to a unit change in xk,i when
xk,j(forj 6= i) are held constant. In a matrices formulation, the problem
results:

y = Xβ + ε (4.5)

where

y =


y1

y2
...
yn

 ,X =


x1,1 . . . x1,p

x2,1 . . . x2,p
...
. . .

...
xn,1 . . . xn,p

 ,β =


β1

β2
...
βn

 , ε =


ε1
ε2
...
εn


The matrix X is sometimes called design matrix. To obtain the regression
model, β should be known, it is estimated using a least square approach:

β̂ = (X ′X)−1X ′y (4.6)

Knowing the β̂ the multiple linear regression model can be estimated as:

ŷ = Xβ̂ (4.7)

The estimated regression model is also referred to as the fitted model. The
observations, yi, may be different from the fitted values ŷi obtained from
this model. The difference between these two values is the residual, ei. The
vector of residuals, e, is obtained as:

e = y − ŷ (4.8)
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4.6.5 Regression Validation

In statistics, regression validation is the process of deciding whether the
numerical results quantifying hypothesized relationships between variables,
obtained from regression analysis, are acceptable as descriptions of the data.
The validation process can involve analyzing the goodness of fit of the re-
gression, analyzing whether the regression residuals are random, and checking
whether the model’s predictive performance deteriorates substantially when
applied to data that were not used in model estimation [27]. If the model
fit to the data were correct, the residuals would approximate the random
errors that make the relationship between the explanatory variables and the
response variable a statistical relationship. Therefore, if the residuals appear
to behave randomly, it suggests that the model fits the data well. On the
other hand, if non-random structure is evident in the residuals, it is a clear
sign that the model fits the data poorly.

4.6.6 Time Delays Linear Regression

Consider the example represented in Figure 4.8, the last step for the delays
post-processing is the linear regression of the estimated delays matrices. In
Figure 4.19 there are the results of this last elaboration.
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Figure 4.19: Results of the 2-D Post-Processing Algorithm
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Chapter 5

Case Studies

5.1 Introduction

The study of the delays of the last chapter gives the opportunity to develop
a novel delay-based parameterization technique in which the macromodels
to interpolate are delayed rational function. This new technique has been
tested with many examples, some of the most significant are collected in this
section in order to appreciate the adaptability of the presented technique:

1. The 1st case study is a simple structure in which 2 transmission line
lengths vary, so the desired outcome is the evaluation of the forcefulness
of the technique;

2. The 2nd structure is a coaxial cable for which the length and the electric
permittivity are the parameters of the design space, this is an important
test for verifying the validity also when a parameter different from
length is chosen;

3. The 3rd interconnect reveals a delays interleaving, so the scope is to
confirm the proper functioning of the parameterization with this ex-
plored issue;

4. All the previous structures were equation-based models. The last case
study regards a device implemented with a software that includes a
FEM solver, so this could be an essential proof of the potentiality of
the technique in terms of computational time and accuracy.

55



The generic parametric macromodel building process requires many steps, all
of them are reported in Figure 5.1: it starts from the hardware idea for which
the optimal design is required. Thanks to a CAD software, all the frequency
responses required for the design and validation spaces are computed and the
parametric macromodel is built.

Figure 5.1: Parametric Macromodeling Building Flowchart

56



In order to be precise, a distinction is needed: the total parametric macro-
model is associated to the entire design space and can be divided in many
local parametric macromodels. There is a local macromodel for each cell with
a common set of poles, while different residues and delays are estimated in its
vertices (the estimation points), then through an interpolation of the residues
and the time delays is performed in the validation point during the validation
process. So, there are three variables through which it is possible to identify
the complexity of the total parametric macromodel:

• N , the amount of poles of each common set, usually this is the same
for each cell of the design space, but this can be identified with the
average number of poles of the cells;

• D, the number of delays of each cell, also this is a constant over the
entire design space, except for some special cases;

• P , the amount of cells over the design space.

For this reason, in the following sections the total parametric macromodel
will be identified by the triplet {N,D, P}. The error analysis will underline
especially the maximum absolute error reported, in fact the aim of the tech-
nique is, in general, to have a compact and accurate macromodel over the
entire design space, so a minimum level of accuracy has to be guaranteed in
every frequency point.

5.2 Cascade of Two Transmission Line

This is a simple structure composed by two transmission line in cascade with
a capacitance shunt1 in the middle as represented in Figure 5.2.

Figure 5.2: 1st Case Study: Cascade of Two Transmission Lines

1Built with MATLAB RF ToolboxTM
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Figure 5.3 shows the parameterization grid for the length of the first trans-
mission line (l1) and the length of the second transmission line (l2). The
analyzed scattering parameter for this structure is S1,2 in a [0, 10]GHz fre-
quency range over 1001 samples.

Figure 5.3: 1st Case Study: Design Space Grid

In this example there were no shadowing or interleaving issues with the de-
lays and for this reason is an important test for the evaluation of the delayed
rational function interpolation. The time delay estimation process has re-
vealed many delays, after the 2-D post-processing 6 of them have been saved.
The magnitude of the trivariate models of S1,2 are reported in Figure 5.4 for
l2 = (1.2−10%)m and l2 = (1.2+10%)m, i.e. the extreme values of the other
varying parameter. Once the {6, 6, 49} 2 parametric macromodel is built, it
is validated over a reference grid of 1001× 7× 7 samples (Frequency, l1, l2).
Figure 5.5 shows the distribution of the absolute error over the dense refer-
ence grid in a histogram. The maximum absolute error over the reference
grid is bounded by 52.67 dB, so the parametric macromodels describe the
behaviour of the system very accurately.

2See the definition in section 5.1 for further details
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Figure 5.4: 1st Case Study: Scattering Parameters Representations
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Figure 5.5: 1st Case Study: Absolute Error Analysis
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5.3 Coaxial Cable

The current section provides the parameterization of a simple coaxial cable3:
this is really significant, because it includes the variation of the length and
the dielectric constant of the cable. So this example evaluate the statements
and the study of the last chapter. Figure 5.6 reports the analysed structure
and Figure 5.7 the design space grid.

Figure 5.6: 2nd Case Study: Coaxial Cable

Figure 5.7: 2nd Case Study: Design Space Grid

Focus on the S1,2 scattering element, in a frequency range [0, 5]GHz with
1001 frequency samples: the delays estimation process has revealed 3 delays
trends properly processed by the implemented algorithm.
The magnitude of the trivariate models of S1,2 are reported in Figure 5.8 for
the corners of the design space: in order to improve the readability of the

3Built with MATLAB RF ToolboxTM

60



plots, a zoom has been provided of the frequencies responses in the frequency
range [0, 1]GHz.
A {10, 3, 40} parametric macromodel has been built and validated over a
reference grid of 1001× 10× 4 samples (Frequency, l, εR).
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Figure 5.8: 2nd Study Case: Scattering Parameters Representations

Figure 5.9 shows the absolute error distribution: also in this case, a good
level of accuracy is guaranteed over the entire design space.
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Figure 5.9: 2nd Study Case: Absolute Error Analysis
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5.4 Structure with Delays Interleaving

Consider the cascade of three transmission lines4 in Figure 5.10 with their
parameter variation values.

Figure 5.10: 3rd Study Case: Cascade of three transmission lines

This is very similar to the structure in Figure 5.2, but there is a third line:
this addition (combined with other conditions) causes the delays interleaving
and shadowing issues in the considered design space in Figure 5.11.

Figure 5.11: 3rd Study Case: Design Space Grid

The magnitude of the trivariate models of S1,2 are in Figure 5.12 for the four
corners of the design space, in this occasion a zoom in the frequency range
[0, 1]GHz has been reported in order to appreciate the differences (especially
in terms of amplitude and phase shift) between the models.
After the {12, 10, 14} parametric macromodel building, a validation process
is made over 5000 × 2 × 7 reference samples (Frequency, l1, l2) for the S1,2

scattering parameter. In Figure 5.13 are reported the results of this process,
the accuracy seems to be quite accurate over the entire design space and
bounded to -40.5 dB.
So this example shows that, with the opportune adjustments not reported in
this work, this parameterization technique can work although the shadowing

4Built with MATLAB RF ToolboxTM
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Figure 5.12: 3rd Study Case: Scattering Parameter Representations

and interleaving issues. In particular, in order to make visible the issues
related to the delays, in Figure 5.14 there are the plots associated to the
delays 1-D post-processing on the horizontal lines of the grid.
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Figure 5.13: 3rd Study Case: Absolute Error Analysis
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Figure 5.14: 3rd Study Case: 1-D Delays Post-Processing Algorithm Results
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5.5 Three Coupled Transmission Lines

In this last section there is an example designed in Advanced Design Sys-
tem (ADS), an electronic design software for RF, microwave and high speed
digital applications. The results of this experiment are very significant, be-
cause this software is based on a FEM solver, so it is very accurate, but also
computational expensive. So this case represents a validation experiment
for the entire developed work. The analyzed structure consists of 3 coupled
transmission lines reported in Figure 5.15, it is characterized by a width for
each transmission line of 700µm, a spacing of 350µm and a FR4 substrate
with a 300µm thickness.

Figure 5.15: 4th Study Case: Three Coupled Transmission Lines Structure

The varying parameters for the design space, showed in Figure 5.16, are the
common length l of the transmission lines [19.5cm ± 2.5%] and the relative
permittivity εr [4.6± 10%] over a [9× 9] design space.

Figure 5.16: 4th Study Case: Design Space Grid
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The frequency range is [0, 20]GHz for 1001 samples. The first considered
scattering element is S1,5, its behaviour in the design space is described in
the four corners of the design space through the plot in Figure 5.17.
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Figure 5.17: 1st Scattering Parameter: Corners Behaviour

In this case two delays trends have been found, so the {10, 2, 64} paramet-
ric macromodel has been built and a validation process has been made over
1001× 8× 8 reference samples (Frequency, εr, l). The results are satisfying
and the parametric macromodel describes the behaviour of the scattering
parameter with a low error as reported in Figure 5.18.
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Figure 5.18: 1st Scattering Parameter: Absolute Error Distribution
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The second analyzed scattering parameter is S2,5, also in this case, its be-
haviour in the four corners of the design space is reported in the plot in
Figure 5.21.
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Figure 5.19: 2nd Scattering Parameter: Corners Behaviour

Also this time, two delays trends have been found, so the {12, 2, 64} para-
metric macromodel has been built and a validation process has been made
over 1001 × 8 × 8 reference samples (Frequency, εr, l). The absolute error
distribution, visible in Figure 5.22, confirms a good accuracy over the entire
design space also for this scattering element.
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Figure 5.20: 2nd Scattering Parameter: Absolute Error Distribution
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The last analyzed scattering parameter is S3,4, also in this case, its behaviour
in the four corners of the design space is reported in the plot in Figure 5.21.
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Figure 5.21: 3rd Scattering Parameter: Corners Behaviour

In this case, just one delays trend have been found, so the {12, 1, 64} para-
metric macromodel has been built and a validation process has been made
over 1001 × 8 × 8 reference samples (Frequency, εr, l). The absolute error
distribution is low also this time and it is represented in Figure 5.22.
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Max Absolute Error =−41.3211 dB

Figure 5.22: 3rd Scattering Parameter: Absolute Error Distribution
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Chapter 6

Conclusions

6.1 Design Optimization

The main aim of this Thesis work was the realization of a novel delay-based
parameterization technique in order to facilitate and speed up the design
optimization process of new devices. In particular, this technique suits very
well in case of long interconnects, for which the DVF works much better than
VF. The design optimization is a field of engineering that uses optimization
methods to solve design problems. The problem formulation is generally
the most difficult part of the process and consists in the selection of design
variables, constraints, objectives and models [28]:

• Design variables or parameters, indicate the features of the system
controllable from the point of view of the designer (design variables
are often bounded, scilicet they often have maximum and minimum
values);

• Constraints, they are the conditions that must be satisfied in order for
the design to be satisfying;

• Objectives, an objective is a numerical value that is to be maximized,
minimized or bounded;

• Models, the designer must also choose models to relate the constraints
and the objectives to the design variables.

So, the design optimization process can start with the total parametric
macromodel and some design constraints for the device: for instance, a con-
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straint can be that the frequency response has to be lower than a certain
value in correspondence of a definite frequency interval. Other constraints
can regard also the time-domain behaviour or other features of the system.
However, the optimization is related to the design variables: so, starting from
a point of the design space, new models are iteratively extracted through an
interpolation process of the delayed rational functions and analyzed until the
optimum point of the design space is not reached. The flowchart in Figure
6.1 can resume the aforementioned process.

Figure 6.1: Design Optimization Flowchart

6.2 Numerical Results Analysis

In order to evaluate the advantages of the proposed technique, focus on the
study case of section 5.5. In fact, with a FEM solver, the extraction of the
information from a structure requires an average time of hours, instead with
the proposed technique it is possible to obtain any scattering element of the
matrix in few minutes or even seconds. This acceleration of the extraction
of models in a defined design space can facilitate activities such as design
space exploration, design optimization and sensitivity analysis of EM systems
avoiding the usually required multiple FEM simulations, characterized by
high computational costs. So, thanks to this technique, it would be possible
to reduce significantly the design expenses and the time-to-market of the
devices.
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6.3 Outcome and Future Perspectives

The developed work has proved the possibility to interpolate delayed rational
functions in two separate steps for time delays and residues, after overcoming
the issues for the identification of the time delay trends.
The future perspectives can regard the multi-port implementation of the
proposed technique, since just scalar cases have been considered in this work,
and the optimization of the time delays post-processing: in fact, with the
introduced post-processing algorithm it is possible to solve the shadowing
and interleaving issues just in a 1D and 2D design space.
However, this was an unexplored field and for the first time the issues of the
parameterization of delayed rational functions have been brought to light.
Taking advantage of the received fundamental education and maintaining
a scientific outlook, a solution has been provided and validated, trying to
respect the required engineering standards.
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